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BEM in elastodynamics

Boundary Element Methods in elastodynamics have a long history.
o Kupradze's work

» Theoretical studies date back to 1930s(?)
» Kupradze's functional equation method (collocate BIEs in the exterior
of the domain under consideration)

@ More recently
» Early developments by Banaugh, Goldsmith (1963,4), Doyle(1966)
» Rizzo, Cruse (1968)
» Subsequent developments by many others.
BEM is suitable in elastodynamics because
@ It can deal with exterior problems

> No reflection from artificial boundaries
» Hence no need for special techniques for no reflection
» High accuracy

@ Others
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Applications
e NDE
@ Earthquake engineering
@ Others
But,
@ Ordinary BEM cannot be applied to large problems because it scales
as O(N?).
This problem was (almost) solved by fast BEMs such as FMBEM.
@ FMM in Helmholtz was proposed by Rokhlin (1990) — diagonal forms
@ Subsequent developments in EM community are impressive (Chew is
the biggest contributor).

@ FMM in elastodynamics
» Chew'’s group (1997), Fukui(1998), Fujiwara(1998, 2000),
Yoshida(2001),.....
» To be discussed later.
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Formulation

Our problem is to solve

pAu; + (A + p)uj j+ pw?u; =0 in D
0Dy

subject to

on 0Dy
Tu; := C,-jk/ukv/nj = t,p on 0Dy

ui = uf

radiation condition for u; as r = |x| — oo
u;: displacement, (A, p): the Lamé constants,
Cijxi = A6ij0ug + p(0ikdj1 + 6irdjic),

p: density, w: frequency, u? and tlo: given data on 9Dy and 0D».
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The solution to this problem is well-known to have the following integral
representation:

ul) = [ Tile=n)50)ds, = [ Fuxnuds,. xeD

where [ is the fundamental solution for elastodynamics given by:

300 = 5 (610 + g (610 = Gu(0) )

Gr=T = k P
LT — drr L= m% T—\/;w

['jjj is the double layer kernel defined by

0
Cij(x,y) = a_ylrik(x — ¥) Cimjnm(y)

and t; = Cjjiyuy,n;j is the traction.
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On the boundary:

ui(x
299~ [ i), — [ Titey)u()ds,. x€ oD
oD oD

@ This equation and the boundary conditions give the boundary integral
equation for elastodynamics.

@ Conventional approaches lead to O(N?) numerical methods.

@ Fast methods such as FMM are needed in large scale problems.
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FMMs for elastodynamics in frequency domain

oD Os

We assume x € O, and consider evaluating

Vi(x) :/ Fij(x — y)ti(y)dS, _/5 Ciij(x, y)uj(y)dS,, xeoD

S 'S

Key observation:

1 9 9 9 0
rU(X) o E <efPf8—Xpejqra—yq Gr(r)+ 8_x,8_yJGL(r)> (1)

holds modulo Dirac’s delta.
With this observation, together with the FMM tools for Helmholtz
equation, one can formulate FMM for elastodynamics.
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Use FMM tools for Helmholtz in Gt /(r):

1 0 0 o J
rij(X) = :u—k‘zr <eipr8—)<pejqra—ch (r)+ =— Ox 8_yJGL(r)>

@ Low frequency FMM

-,
G(x—y)= ZZ )™ (Yy)
n,m n/ m’
(2n+ 1)(20" + 1)ETT (YX) 1 (Xx)
_,

m . e m
17(0x) = n(K|OX|) Y, (Ox/[Ox1)
@ Diagonal form

ik ) N
G(x—y)= — /r(—l ™ X Tk, YX)e -V s,

(4m)>
C V) = S o B
T(k, YX) ; (2n +1)P, (k YX/|YX\) (k|YX\)

P, Legendre polynomial of the order n
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FMMs in wave problems

@ Low frequency FMM

» series expansion of the kernel function
» good accuracy for all frequencies
» scales O(N) in low frequency, but slows down in high frequency

@ diagonal form

» plane wave expansion of the kernel function
» good accuracy for high frequency but breaks down in low frequency
» scales O(Nlog® N)

@ wideband FMM
> use low freq FMM for smaller cells and diagonal forms for larger cells
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Diagonal forms in elastodynamics

For example, Diagonal forms for elastodynamics can be obtained as
follows:

Vi(x) = /S Fi(x — y)t(y)dS, — /5 (% Y)ui(y)dS,

]. ~ T ~ A
— _ k2k IkLk~(X—X)LL k X
(47)2 /'A(_1< Lkie (k, X)

+k%e,p,/2pefkT'2'(x—X)Z,T(IQ,X)) ds;

[L(k, X), L] (k,X): coefficients of the local expansion

[L(k, X) = T(k, ke, YX) 1t (k, V)
[T(k. X) = T(k kr, YX)MT(k,Y) (M2L)
i YX
A —
T(k k7, YX) = Y i"(2n + 1)P, (k- W) e (kL,T|YX|)
n=0

ML(k,Y) and M (k, Y) multipole moments for the diagonal forms.
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Multipole moments for the diagonal forms are defined by

ME(k, Y) = —ik, / emikik (=)

S

(itity) + i) i) + 2ukilyny (1)) S,
M7 (k,Y) = —ikr / e kTk(=Y)

(eyrfvti(y) + ipui(y)kr ki (egeki + e ki) mi(y )) doy
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The shift formulae for M and L take the following forms:

M*(k, Y1)
T (k, V1) = W7 (k, Yo)e— "% %% (M2m)
[E(k, X1) = LE(k, Xp)ek-XoXa
IT(k, X1) = LT (k, Xo)e*T& %X (LaL)

Note that this formulation includes 4 moments for every combination of

(n, m).
@ The scalar moment M! corresponds to P wave
@ The vector moments M7 represent S wave

in a natural manner.
15 / 49
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Low frequency FMM and Wideband FMM in
elastodynamics

@ Low frequency FMM can be formulated similarly.

Z(Qn—l—l g ™ (VX ki )MEL(Y)  (M2L), etc.

cr

n,n’

(YX ki) : coefficients

@ Wideband FMM needs conversions between the low frequency FMM
and diagonal form

Mt (k, Y):i Z im"(2n + 1) Y, (K)ME (), etc.

n=0 m=—n

So far we have not tried a wideband FMM in elastodynamics. Examples of
the use of such techniques are found in Maxwell's equations (to be shown
later)
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Numerical examples
Low frequency FMM
The first example is taken from Yoshida's thesis(2001) (9 years old).

Penny shaped crack subject to a plane incident P wave from below
whose stress magnitude is py. Poisson’s ratio: 0.25.

===+ scattering wa

Figure: Scattering by a penny shaped crack
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100000

Timm ka=32'
Tdir ka3 2

10000 |

1000 |

GPU time (sec)

100

100 1000 10000
number of nuknowns

100000

Figure: Total CPU time(sec) (krag = 3.2)

Total CPU time (sec) vs the number of unknowns.
“Tdir_ka=3.2": CPU time for conventional BIEM,
“Tffm_ka=3.2": CPU time for FM-BIEM.

Machine: PC with DEC Alpha21264 (500MHz).
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T T
numer 4
Lo analytic —---—

crack opening displacement

0o 01 02 03 04 05 06 07 08 09 1
distance from the centre of the crack

Figure: Numerical result and analytical solution (krap = 3.2)

Magnitudes of the crack opening displacement obtained with FMM
vs analytical solutions.
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Diagonal forms

@ Taken from Yoshida et
al.(2001)

@ Single penny shaped
crack problem subject to
plane P wave. (wave
number: krag = 5)

10000

- FM-ionedi
< P -thag
Graul

100G |-

L1PU tene [s00)

@ ‘crout”: conventional
BIEM,
“FMM-Wigner3j": Low

: _ _ i frequency FMM,

~Yom - o “FMM-diag": diagonal

' form.

@ Machine: PC with DEC

Alpha21264 (600MHz).

Fig.1 CPU time (sec)

Figure: Total CPU time(sec) (krap = 5)
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Fig.2  Crack opening displacements

Figure: Real part of the crack opening
displacements (krap = 3, 72,192DOF)

Nishimura (Kyoto Univ.)

Infinite elastic body
which contains an array
of 4 x 4 x 4 penny
shaped cracks of the
same radius ag

Incident plane P wave
from below

The centres of cracks are
located regularly at the
interval of 4ag in all the
coordinate directions

directions of the cracks
are taken at random.
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Bibliographical remarks

References on FMMs for elastodynamics are still scarce.
e 2D

» Chen et al.(1997) Chew's group. Diagonal form. Many moments.

> Fukui (1998) Low frequency FMM for elastodynamics using Galerkin's
vector. This formulation uses 4 types of moments.

» Fujiwara (1998) Low frequency FMM using 8 types of moments.

o 3D

» Fujiwara (2000) Diagonal form approach in terms of 12 components
of plane waves applied to low frequency problems related to earthquake.

» Yoshida et al.(2001a) (also available in English (Yoshida's

thesis(2001)) Low frequency FMM for crack problems in 3D. 4

moments.

Yoshida et al.(2001b) Diagonal form version. Immature error control.

Chaillat et al.(2007,8) Diagonal forms

Sanz et al.(2008) SPAI preconditioner

Tong and Chew (2009) Use of Nystrém's method

Chaillat et al.(2009) Multi-domain problems and applications to

seismological problems.

vV vy vy VvYyy
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Time domain

@ Time domain FMM in elastodynamics is a possibility.
@ We here present a few numerical examples.

@ 1152 spherical holes (Otani and Nishimura (2004))
@ 1,105,290 spatial DOF, 200 time steps
@ CPU time: 10H 47Min
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NDT application: laser ultrasonics
YAG laser

laser

interferometer

Smm 10mm
Smm 10mm Smm

@ Specimen (Aluminium aloy)
@ rectangular surface crack @ 48900DOF
length=10mm, depth=5mm,

i @ 134 time steps
distance from the laser

@ solved with Fast BIEM

spot=15mm )
@ Yoshikawa et al.(2007)
@ Energy of the pulse laser:
19mJ
Nishimura (Kyoto Univ.) Elastodynamics and Periodic FMM 3/9/2010
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0 2e-06 4e-06 6e-06 8e-06 1le-05

time (sec)

Va': Measured velocity at Myt
vB,: Computed velocity at My' obtained with Fast BIEM
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Q@ Periodic FMM
@ Periodic FMM for Wave Problems
® Periodic FMM in Elastodynamics
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Periodic FMM for Wave Problems

@ There are a number of interesting applications which are reduced to
periodic boundary value problems for wave problems.

Examples — Maxwell’s equations
@ Metamaterials
» Periodic structure with metalic inclusions
The periodicity is much smaller than the wavelength.
One may control the optical properties of the composite quite freely.
Negative refractive index, Super-lens, Cloaking

vVvYyy

super-lens
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Examples (cont.)
@ Photonic crystals
» Periodic structure of dielectric materials
The periodicity is of the order of the wavelength of light
Works as a waveguide.
Interesting properties such as frequency selectivity, localised modes, etc.
item Optical devices

» digital camera

v vy

We have developped a 2-periodic FMM for Maxwell's equations in 3D.
(Periodic in 2 directions. Scattering in the other direction.)
J. Comp. Phys. (2008), Waves in Random and Complex Media (2009)
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Numerical example — skin of worm

Maxwell's equation in 3D
periodic boundary 'L=225nm periodic boundary
e

/ transmitted wave

G000 -9 )
@

i 2
2 Ustag O
7]
2

T
@0

. 1 water
incident wave reflected wave

99_.2
Modelled by Miyamoto and Kosaku (2002, 2005)  infident wave

°
@ 6 layers of glass fibres in water

@ Diameter of the fibre: 165nm
distance between fibre centres in the xq; direction: 185nm,
Period length: L, = L3 = 225mn
@ Incident plane wave
> Incident wave length: 475nm
> Incident angle from x, axis: varies around 30°.
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Skin of worm — energy transmittance

incident angle

20 30 40 50
11 T T T T
1 B
0.9
0.8
3 0.7
= 0.6
2 o5
w04
0.3
0.2 Energy transmittance
0-3 Total energy - - - )

0.5 1 15 2 25 3 35
beta2

http://nkiso.u-tokai.ac.jp/form /event/ssf/sympo54 /struct_color/struct_color.htm

@ Wideband FMM, 107,568 DOF

@ Agrees with experiments.
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It is of interest to investigate elastic counterparts of photonic crystals and
metamaterials.
@ Phononic crystals (775 papers found in Scopus)
» Bandgap structures
» Can we guide elastic waves as freely as we wish?
@ Acoustic metamaterials (64 papers found in Scopus)

» Negative density
» Negative modulus of elasticity
> Negative refractive index
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principle of metamaterials

How can you measure mass? Shake it!

Mx = f (x = Xe @t f = Feivt)

M=———

Q

(@]

x(1)
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t
) f(t) %y( )
If you have internal structures i’
m
Mx = f + ky k
m(x+y)= —ky' | O ~
X = Xe_""t, y — Ye_""t,
f=Fe vt x(t)
One will conclude M = —% if one does not know the inside of the box.

F m k
LA BT L =4/ =
w2X * W o m
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negative mass

apparent mass

<=

wo

@ One may utilise the resonance to control the apparent material
properties in metamaterials with internal structure.

@ negative mass and negative elastic modulus may lead to propagating
waves with ¢ = /u/p.
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Periodic FMM in Elastodynamics

O
@

periodic

boundary

incident

»—4

s°

CL_T

_|—'_“ 4ﬁ_pl_'__l_'—_l_'—

where

governing eq.

1 i+ (AT + p)uj i+ p"w?ui =0 x € Dp

B.C.
displacement u; and traction t;

are continuous across 9Dy N D,

Radiation condition for u; — u} as r = |x| — oo

periodic B.C.
uj(x1, ;Xa) = e2u;(xq, —gyxa)

Ouj ¢ 18 duj ¢
8_><2(X1’ §7X3) =e —(X1, 2,X3)

¢ ; ¢
ui(x1, x2, 5) = e u(xg, %, —5)

Xzé)Z Xzy—g)

Bi = ku,Tpi¢, kL,T¢ # 2nm £ G;

o Ju;
o)

Nishimura (Kyoto Univ.)
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BIE for periodic B.V.P

‘ Boundary Integral Equation for periodic B.V.P ‘ (ordinary BIE for inclusions)
1
> [u,-(x) + at,-(x)} = [u,' + at,!]

+p.v. /BD [r"( y) + aTalji(x y)} tj(y)dS,

- p_f_/ [F,U( y) + aTkF,kJ( y)] uj(y)dS, Burton-Miller
aD

periodic Green's function ‘

Fg(x —y)= RILmDQ Z Fi(x —y —w)ePv
weL(R)

L(R) = {(0,ws,ws3)|wz = p¢, w3 = qC¢, |p|,|q| < R, p,q € Z}

‘fundamental solution for 3D elastodynamics‘

1 1kT\x—y| 1 92 eikT\x—y| eikL|x—y\
lilx=¥) =713 5’j+k_28-8-(4 —y[  anx— )}
o [A7(x —y| T Oxi0x; \4m|x —y|  4mlx —y]|
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Algorithm for periodic FMM

level O replica cells
replica cells unit cell Periodised M2L
B

s

level 1

level 2

level 3

2

—

1
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M2L in Periodic FMM (low freq. FMM)

replica cells replica cells
unit cell

mutipole moments of the replica cell(w)

My m(w) = My, n(0)eP

M2L formula
Lo (0) = 323" @0+ 1)EMT (—~w)My, (k. 0P

Periodisation

Lo (0)=)_>"(2n+1)> (é,jf';,f”'(—w)eiﬁ.w) Mp.m(0)
n m weL!
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periodised M2L
We compute the influence from far replica cells by the ‘periodised M2L’

given by:

Ly m(0) = i Z (2n+1) <Z C’7 M —w kL)eIB“’> My i (O)

n m=-—n weLl!

=3 @n+1)CT (ke )MY,0(0)

n m=-—n

o n
L om(0) =30 37 (20 + )70 (k)M 1 (0)

n m=-—n

is reduced to the computation of the lattice

@ Evaluation of CPn "
sum Y S (\w\kL 7)Y’ (—ﬁ) e« which is extremely slow to
converge.

@ We use Fourier analysis to compute the lattice sums.
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numerical examples

incident wave

incident
wave

@ scattering of plane waves by a doubly periodic
layer of elastic spheres (Isakari and Nishimura
(2010))

@ collocation method, piecewise constant element
(18000 elements, 108,000DOF)

@ Flexible GMRES (criterion of convergence:
1075)

@ preconditioner: part of matrix computed
directly in the FMM algorithm

Nishimura (Kyoto Univ.) Elastodynamics and Periodic FMM 3/9/2010 41 /49



numerical examples: scattering by holes

@ Incident angle is 8 = 0.0°, P-wave incidence.
incident

o;ﬂ

e -
o
el

TR >
(Il
— e
OO0
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numerical examples: scattering by holes

The far field patterns in the transmission side for kt(s slightly smaller and
larger than kr( = 27 and 4 differ considerably. (Rayleigh's anomaly)

kr¢=6270 kr¢ =12.55
0s | T 1T 1T T T T T T 1T ] 08 1
04 | i 05 0.4 05
22 oI HHo Relu1] 22 0 0 Relui]
04 |- 1L0s 0.4 05
-08 [T B -0.8
L 1 1
3 34 38 42 4.6 5 3 34 38 42 46 5
Ty &y
k¢ = 6.290 .
0.8
04 05
zy O 0 Relui] 2
0.4 05
-0.8
-1
3 3.4 3.8 4.2 46 5
T xy
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numerical examples: scattering by elastic inclusions

@ We have computed reflection and transmission coefficients in the
frequency range of w = 0.0 ~ 8.2

@ Incident angle is 8 = 0.0°, P-wave incidence.

a;gL_/Ll . p = 1.000

A = 2.453

. 7 = 1.000

’LLI . incident wave outer domain

d (polyester)
B —
—_—

p = 6.393 -

A= 1.493 =%

p=47.02

inclusion =0.15
(steel) ¢
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numerical examples: scattering by elastic inclusions

k 1 a

% 1.0

9

o

e

.9

g

£

@

c

S

=i

T —3¢— periodic FMM
0.0L )
. experiment (Maslov et all)

& 0.8

8

o —— approx. sol. (Maslov et al.)
8

5

1°]

2

®

: bokr¢/(2m)?
transmission and reflection coefficient

@ Agrees with results in reference.
@ Anomalies of resonance type are seen.
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Conclusion

@ Use of FMM in elastodynamics is effective in frequency domain.
@ Time domain FMM in elastodynamics is a possibility.
@ Periodic FMM is extended to elastodynamics.

@ FMM in elastodynamics deserves more attention!
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