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A multi-scale method based on a combination of the boundary element method (BEM) and peridynamics
(PD) was developed to model crack propagation problems in two-dimensional (2D) elastic bodies. The
special feature of this method is that it can take full advantage of both the BEM and PD to achieve a higher
level of computational efficiency. Based on the scale of the structure and the crack location, the consid-
ered domain can be divided into non-cracked and cracked domains. The BEM is employed in the non-
cracked domain, while the PD is applied in the cracked domain. This can reduce the dimension by one
in the non-cracked domain for improving the modeling efficiency. A stiffness equation of the bond-
based PD is established by using Taylor’s series expansion for the bond stretch and applied to simulate
the cracked domain. The PD approach can automatically model the initiation and propagation of a crack.
A coupling model using shared nodes is constructed by introducing the BEM nodes on the interface at the
same location as the PD material points. With the continuity of displacements and equilibrium of trac-
tions at the interface, a combined system of equations is obtained by merging the stiffness and force
matrix from each domain. For test problems, the deformation and crack propagation in 2D elastic bodies
subjected to quasi-static loads were analyzed. The numerical results clearly demonstrate the accuracy
and efficiency of the proposed method for crack problems based on coupling the BEM and PD.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Crack analysis is still a major challenge within the framework of
classical continuum mechanics. This is because partial differential
equations (PDEs) are often applied in continuum mechanics, while
for crack analysis, the spatial derivatives are not defined either at
the crack tip or along the crack surfaces. This contradicts the
assumption that the elastic body remains continuous as it deforms.
Therefore, the basis of the continuum formulation breaks down
whenever a crack appears in a body. To tackle this inherent limita-
tion in computational models using the finite element (FEM),
boundary element (BEM), or meshfree methods, many special
techniques such as remeshing (Nishioka, 1997; Liu et al., 2017;
Kou and Yang, 2019), and local enrichment functions (Belytschko
and Black, 1999; Moës Nicolas and Dolbow, 1999), have been
developed. Furthermore, additional crack growth criteria based
on the fracture mechanics theory and using the concept of stress
intensity factors are required to predict the crack propagation
length and direction.
In 2000, a new theory called peridynamics (PD) was developed
by Dr. Silling (Silling, 2000) and team (Silling et al., 2007), which
establishes a connection between classical continuum mechanics
and molecular dynamics, such as models based on non-local theory
(Madenci and Oterkus, 2014). The PD theory uses spatial integral
equations instead of PDEs, which is better suited for modeling bod-
ies with discontinuities. For example, it can model the initiation
and propagation of a crack automatically without resorting the
additional criteria because material failure can be invoked in the
material response model. Thus, PD theory has the potential to
model complex crack propagation behaviors and has been widely
studied in the analysis of crack propagation (Dias et al., 2017;
Qiao et al., 2017; Han et al., 2019; Huang et al., 2015).

However, its non-local nature results in the PD having some
inherent drawbacks, such as the surface effect, low computational
efficiency, and difficulty in imposing boundary conditions. Hence,
coupling techniques using PD theory with continuum mechanics
have been proposed to take advantage of their salient features if
the regions of potential failure can be identified prior to the
analysis.

The FEM is very flexible and efficient for modeling problems
without cracks; thus, most work focused on coupling FEM with
PD. A straightforward method of coupling PD with FEM was sug-
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gested by Macek and Silling (2007), in which the PD interactions
are represented by using traditional truss elements and an embed-
ded element technique for the overlap region. Lall et al. (2010) also
utilized this approach to study the shock and vibration reliability of
electronics. Kilic and Madenci (Kilic and Madenci, 2009) intro-
duced a direct coupling of FEM and PD theory using an overlap
region. Both the PD and FE equations are satisfied in the overlap
region. The displacement and velocity of overlap are determined
using FE equations and the body force densities determined by
the PD theory. Finally, these body force densities serve as external
forces for finite elements in the overlap region. Liu and Hong
(2012) adopted interface elements between the FEM and PD
regions. A finite number of PD points are embedded inside the
interface element to transfer information between the PD and
FEM regions. The PD forces exerted on these embedded material
points are distributed as nodal forces to the interface element
based on two particular schemes. Lubineau et al. (2012) combined
the local and nonlocal theories by introducing a transition (morph-
ing) strategy. The definition of the morphing functions relies on the
energy equivalence, and the transition region affects only the con-
stitutive parameters. This technique reformulated it in state-based
PD by Han et al. (2016). A simple coupling approach is submodel-
ing, as demonstrated by Oterkus et al. (2012) and Agwai et al.
(2012). It involves FEM for global analysis and PD theory for sub-
modeling to perform failure prediction. Seleson et al. (2013) pro-
posed a force-based blended model that combined the PD theory
and classical elasticity using nonlocal weights composed of inte-
grals of blending functions. They also generalized this approach
to combine PD and higher-order gradient models of any order.
Hybrid modeling methods of PD and FEM were discussed in the
work of Zhang et al. (Zhang et al., 2016; Yu, 2017). A truss element
was introduced to bridge the FE and PD subregions. An effective
method to couple FEM meshes and PD grids for the solution of sta-
tic equilibrium problems was developed by Galvanetto et al.
(2016). Coupling was achieved by considering that PD bonds act
only on PD nodes, whereas finite elements apply forces only on
finite element nodes. Zaccariotto et al. (2017) coupled FEMmeshes
to PD grids adopting a non-uniform grid size and applied it to 1D,
2D, and 3D dynamic problems (Zaccariotto et al., 2017). A new
variable horizon method for coupling PD to FEM proposed by
Nikpayam and Kouchakzadeh (2019). In this method, PD converges
to classical theory as the horizon continuously reduces across an
intermediate element called ‘‘morakkab”, and the creation of ghost
forces was prevented by using a modified PD equation of motion
based on the co-family concept.

Recently, coupling other numerical methods with PD to analyze
crack propagation problems has been developed by numerous
researchers. Liu et al. (2020) and Giannakeas et al. (2020) coupled
the extended finite element method (XFEM) with PD to study the
crack propagation and branching problems, wherein the XFEM
can improve the computation efficiency, and the PD can predict
the crack propagation orientation. Zheng et al. (2020) introduced
a coupling approach of isogeometric analysis with a non-ordinary
state-based PD. Zeng et al. (2020) combined PD and generalized
interpolation material point (GIMP) method via volume modifica-
tion to simulate transient responses, which can be applied to effec-
tively simulate large deformations and multi-phase (solid–fluid-
gas) interactions by mapping the remapping between material
points and associated background nodes. Coupling of meshfree
PD with the finite volume method for poroelastic problems was
presented by Agrawal et al. (2020).

Compared with other numerical methods, the boundary ele-
ment method (BEM) has some special advantages. Based on the
fundamental solutions, BEM is a semi-analytical method that can
achieve improved accuracy owing to the use of integrations. In
addition, the BEM can simulate the models with only boundary
75
elements, reducing the problem dimension by one. Thus, a method
based on coupling the BEM with PD is a natural next step for solv-
ing crack problems. It can take advantage of their salient features
and potentially achieve improved computational efficiencies. How-
ever, only one conference paper has provided an overview of the
PD formulation with the extended boundary element method
(XBEM) for dynamic fracture (Hattori and Trevelyan, 2017) to date,
in which the fracture problem is initially solved with the XBEM to
obtain the displacement field and the SIF. Then, a PD zone is
defined around the crack tip and receives the displacements from
the XBEM solution. If the crack propagation criteria are satisfied,
the bounds between the particles in the PD zone break, generating
a new crack path. The crack path was further discretized with the
XBEM mesh. In a sense, it is not a fully coupled method. Therefore,
a method with a full combination of BEM and PD needs to be devel-
oped and studied.

In this paper, a new method by coupling the BEM with PD to
predict propagation of cracks in two-dimensional (2D) bodies
under quasi-static load is presented. The proposed method has
not been previously reported. Herein, the cracked domain is simu-
lated using the bond-based PD theory. Instead of constructing the
bond force equations, a stiffness equation is established using Tay-
lor’s series expansion for the stretch. The traditional BEM is used to
model the non-cracked domain. Similar to the sharing node-based
coupling approach, there is no overlapped zone in the proposed
coupling model. The displacements are continuous at the interface
points, and the transferred force values can be easily determined
by directly computing the interactions between the PD material
points and BEM boundary nodes. A combined system of equations
is obtained by merging the stiffness and force matrices for each
domain. The accuracy of the proposed coupling approach is verified
using three examples of uncracked models under static loads.
Examples of mode I, mix mode, and two edge cracks, are analyzed
to investigate the efficiency of this newly presented coupling
approach.
2. Formulations

2.1. Boundary integral equations

For a 2D linear elastic and homogeneous domain Owith bound-
ary C, the displacement field can be represented by the following
boundary integral equation (BIE) without considering the body
force (Liu, 2009):

1
2
uiðxÞ ¼

Z
C
Uijðx; yÞtjðyÞdC�

Z
C
Tijðx; yÞujðyÞdC ð1Þ

where ui is the displacement, ti is the traction, Uij x; yð Þ and
Tij x; yð Þ are the fundamental solutions (kernel functions) for the
displacement and traction fields due to a unit point force at the
source point x , respectively. For the 2D plane strain case, the
two kernel functions are given by,

Uij x; yð Þ ¼ �1
8pGð1� mÞ ð3� 4mÞdijlnðrÞ � r;ir;j

� � ð2Þ
Tij x; yð Þ ¼ �1
4pð1� mÞr ð1� 2mÞðnirj � njriÞ þ ðð1� 2mÞdij þ 2rirjÞrlnlÞ

� �
ð3Þ

where G ¼ E=2 1 þ mð Þ and m are the shear modulus and Pois-
son’s ratio, respectively (For plane stress condition, Poisson’s ratio
m in the preceding expressions is replaced with m/(1 + m)); r repre-
sents the distance from source point � to the field point y, dij is the
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Kronecker symbol; and ni is the direction cosine of the normal. A
comma after a quantity represents spatial derivatives, and
repeated indexes denote summation.

By discretizing the BIE with the quadratic boundary elements,
we obtain the following BEM matrix equation:

T11 T12 � � � T1NB

T21 T22 � � � T2NB

..

. ..
. ..

. ..
.

TNB1 TNB2 � � � TNBNB

2
66664

3
77775

u1

u2

..

.

uNB

8>>>><
>>>>:

9>>>>=
>>>>;

¼

U11 U12 � � � U1NB

U21 U22 � � � U2NB

..

. ..
. ..

. ..
.

UNB1 UNB2 � � � UNBNB

2
66664

3
77775

t1
t2
..
.

tNB

8>>>><
>>>>:

9>>>>=
>>>>;
ð4Þ

where ui and ti are the displacement and traction vectors at
node i on boundary C, respectively, (i = 1, 2, . . ., NB, where NB is
the number of boundary nodes), and Tij and Uij are 2 � 2 submatri-
ces by integrating the T and U kernels on elements, respectively.

The internal nodes of the BEM domain in Fig. 1 can be simulta-
neously calculated using Eq. (1). After substituting the boundary
conditions, by switching the columns in the two matrices, Eq. (4)
can be represented by grouping the boundary nodes and internal
nodes as follows:

HBB 0
HIB I

� �
xB
uI

� �
¼ GBB

GIB

� �
yBf g ð5Þ

where HBB, GBB and HIB, GIB are submatrices for the boundary
and internal nodes, respectively, comprising the dimensions of
2NB � 2NB and 2NI � 2NB (B for boundary nodes and I for internal
nodes); xB is the vector of unknown boundary values, and yB is the
known right-hand-side vector. Retaining the known vector yB on
the right side of the equation, a matrix operation is applied to
Eq. (5) which yields,

H
�
BB 0

H
�
IB I

" #
xB
uI

� �
¼ yB

0

� �
ð6Þ

in which, H
�
BB ¼ G�1

BBHBB and H
�
IB ¼ HIB � GIBG

�1
BBHBB

� 	
.

Then, a standard linear system of equations for the BEM is
formed as follows:

KB11 KB12 � � � KB1N

KB21 KB22 � � � KB2N

..

. ..
. ..

. ..
.

KBN1 KBN2 � � � KBNN

2
66664

3
77775

xB1
xB2
..
.

xBN

8>>>><
>>>>:

9>>>>=
>>>>;

¼

yB1

yB2

..

.

yBN

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
or KB½ � xBf g ¼ yBf g

ð7Þ
where KB is the coefficient matrix of dimensions 2 N � 2 N

(where N is the number of all the nodes in the BEM domain includ-
ing boundary and internal nodes).
Fig. 1. Boundary and internal nodes of the BEM domain.
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2.2. PD formulations

The bond-based PD theory was employed in this analysis. In this
case, the Poisson’s ratio is constrained to 1/3 in the plane stress
condition for isotropic materials (Silling et al., 2007). The bond-
based PD equation of motion is expressed as follows:

q gð Þ€u gð Þ tð Þ ¼
Z
H gð Þ

f u hð Þ � u gð Þ; x hð Þ � x gð Þ; t
� �

dH gð Þ þ b gð Þ tð Þ; 8 h

2 H gð Þ ð8Þ
where H(g) is the neighborhood of point g, which is usually

taken to be a spherical region of radius d centered at point g, as
shown in Fig. 2; d is the horizon representing the size of nonlocal
interaction; u and q are the displacement vector and mass density,
respectively, which are the same as in the continuummechanics; b
is the body force density vector, and f is the force density vector,
referred to as the pairwise response function, which is defined as
the force vector per unit volume that represents the force point h
exerted on point g. When d ? 0, the peridynamic equation of
motion in Eq. (8) is reduced to the classical equation of motion
(Silling and Lehoucq, 2010).

For a micro-elastic material, the force function can be expressed
as

f g; nð Þ ¼ @w g; nð Þ
@g

¼ gþ n

gþ nj j c n; dð Þs; 8g; n ð9Þ

where w g; nð Þ ¼ c n;dð Þs2 nj j
2 is the micro-elastic potential,

n ¼ x hð Þ � x gð Þ is the initial relative position, g ¼ u hð Þ � u gð Þ is the
current relative displacement, and s represents the stretch of a
bond, that is related to the strain vector in continuum mechanics
and is expressed as,

s ¼ gþ nj j � nj j
nj j ð10Þ

Apply Taylor’s series expansion for scalar function with multi-
ple variables

f ðxÞ ¼ f ðx0Þ þ @f ðx0Þ
@x

� ðx� x0Þ;

and let x ¼ n; x0 ¼ nþ g; f xð Þ ¼ nj j; and f x0ð Þ ¼ nþ gj j. Then s
can be written as:

s ¼ @ nj j
@n






n¼nþg

" #
� g
nj j ¼ gþ n

gþ nj j �
g
nj j ð11Þ

Substituting of Eqs. (11) into (9), the pairwise force can be writ-
ten as,

f g; nð Þ ¼ c n; dð Þ
nj j g ¼ c n; dð Þ

nj j u hð Þ � u gð Þ
� � ð12Þ

where c n; dð Þ ¼ c 0; dð Þg n; dð Þ is the micro-modulus function that
contains all material-specific information. The modified micro-
modulus function expression proposed by Huang et al. (2015) is
used in this analysis, which is

g n; dð Þ ¼ 1� jnj
d

� 	2
 �2

; jnj 6 d

0; jnj > d

8><
>: and c 0; dð Þ ¼

72E
pd4 ; 3D
315E
8pd3

;plane stress
210E
5pd3 ;plane strain

8>>>><
>>>>:

ð13Þ

where E is the macroscopic Young’s modulus. This expression
not only satisfies the non-local nature of the PD theory precisely,
but also reflects the weakening of the long-range force intensity
when the distance between two particles increases. In order to
guarantee the same material are considered in BEM and PD
domain, the material properties should be identical. To include



Fig. 2. Bond-based PD theory discerption.
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damage initiation in the material response, the force density vector
can be modified through a history-dependent scalar valued func-
tion l as,

l n; tð Þ ¼ 1; if sðn; t0Þ < sc for all 0 6 t0 6 t

0; otherwise

�
ð14Þ

When the stretch s between these material points exceeds its
critical stretch sc, failure occurs; thus, l is zero, rendering the asso-
ciated portion of the force density vector to be zero. Critical stretch
sc is related to the fracture energy G0, which denotes the energy per
unit crack length in 2D, required for a complete separation of the
body into two parts. For plane stress, sc can be derived as (Huang
et al., 2015);

sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1024pG0

7 120p - 133ð ÞEd

s
ð15Þ

Local damage at a point is defined as the weighted ratio of the
number of eliminated interactions to the total number of initial
interactions of a material point with its family members. The local
damage at a point can be quantified as (Silling et al., 2007):

u g; tð Þ ¼ 1�
R
H gð Þ

l n; tð ÞdV hð ÞR
H gð Þ

dV hð Þ
ð16Þ

The numerical approximation of the PD equation starts with the
subdivision of the structure into nodes, and each node is associated
with a certain volume V(h), and the union of all volumes covers the
entire body volume. Therefore, for each time step, the discretized
form of Eq. (8) is:

q€un
gð Þ ¼

X
h

f un
hð Þ � un

gð Þ;x
n
hð Þ � xn

gð Þ
h i

tnhð ÞV
n
hð Þl

n nð Þþbn
gð Þ; 8 h

2 H gð Þ ð17Þ
For the static problem, the time dependence is removed from

Eq. (17), and the term on the left-hand side is set to zero because
the problem can be studied as a sequence of static analyses with
incremental external loads or displacements. The equation solved
in the present study is therefore,

0 ¼
X
h

f un
hð Þ � un

gð Þ; x
n
hð Þ � xngð Þ

h i
tnhð ÞV

n
hð Þl

n nð Þþbn
gð Þ; 8 h 2 H gð Þ ð18Þ

Substituting the pairwise force defined in Eq. (12) yields,
77
X
h

c
jnj hð Þ gð Þ

un
gð Þ � un

hð Þ
� 	

tnhð ÞV
n
hð Þl

n nð Þ ¼ bn
gð Þ; 8 h 2 H gð Þ ð19Þ

where V(h) and t(h) are the volume and volume reduction factor
for material point h, respectively. When the volume V(h) of the fam-
ily node h falls completely within the horizon of the central node g,
t(h) is equal to 1, and when d� Dx=2 < nj j hð Þ gð Þ < d,

t hð Þ ¼ d þ Dx=2� jnj hð Þ gð Þ
� 	

=Dx, where Dx is the spacing of material

points.
By introducing the stiffness matrix with coefficient K gð Þ hð Þ; we

can rewrite Eq. (19) for each step as,X
h

K gð Þ hð Þ u gð Þ � u hð Þ
� � ¼ b gð Þ; 8 h 2 H gð Þ;

where

K gð Þ hð Þ ¼ c
jnj gð Þ hð Þ

t hð ÞV hð Þl nð Þ l2 lm �l2 �lm
lm m2 �lm �m2

" #
ð20Þ

l gð Þ hð Þ ¼ cosh1 ¼ x hð Þ�x gð Þ
n hð Þ gð Þj j ; and m gð Þ hð Þ ¼ cosh2 ¼ y hð Þ�y gð Þ

jn hð Þ gð Þ j are the coor-

dinate transformation parameters (Fig. 3). x(h), x(g) and y(h), y(g)
are x coordinates and y coordinates for points h and g, respectively.

Then, the stiffness matrix equation for material point g can be
written as follows:

c gð Þ h1ð Þt h1ð ÞV h1ð Þ l
2
gð Þ h1ð Þ

nj j gð Þ h1ð Þ
þ���þ c gð Þ hnð Þt hnð ÞV hnð Þ l

2
gð Þ h1ð Þ

nj j gð Þ hnð Þ

c gð Þ h1ð Þt h1ð ÞV h1ð Þ l gð Þ h1ð Þm gð Þ h1ð Þ
nj j gð Þ h1ð Þ

þ���þ c gð Þ h1ð Þt h1ð ÞV h1ð Þ l gð Þ h1ð Þm gð Þ h1ð Þ
jnj gð Þ h1ð Þ

c gð Þ h1ð Þt h1ð ÞV h1ð Þ l gð Þ h1ð Þm gð Þ h1ð Þ
nj j gð Þ h1ð Þ

þ���þ c gð Þ h1ð Þt h1ð ÞV h1ð Þ l gð Þ h1ð Þm gð Þ h1ð Þ
nj j gð Þ h1ð Þ

c gð Þ h1ð Þt h1ð ÞV h1ð Þm2
gð Þ h1ð Þ

nj j gð Þ h1ð Þ
þ���þ c gð Þ hnð Þt hnð ÞV hnð Þm2

gð Þ hnð Þ
jnj gð Þ hnð Þ

�c gð Þ h1ð Þt h1ð ÞV h1ð Þ
jnj gð Þ h1ð Þ

l2gð Þ h1ð Þ �c gð Þ h1ð Þt h1ð ÞV h2ð Þ
jnj gð Þðh1 Þ

l gð Þ h1ð Þm gð Þ h1ð Þ

�c gð Þ h1ð Þt h1ð ÞV h1ð Þ
jnj gð Þ h1ð Þ

l gð Þ h1ð Þm gð Þ h1ð Þ �c gð Þ h1ð Þt h1ð ÞV h1ð Þ
jnj gð Þðh1 Þ

m2
gð Þ h1ð Þ

..

. ..
.

�c gð Þ hnð Þt hnð ÞV hnð Þ
jnj gð Þ hnð Þ

l2gð Þ hnð Þ �c gð Þ hnð Þt hnð ÞV hnð Þ
jnj gð Þðhn Þ

l gð Þ hnð Þm gð Þ hnð Þ

�c gð Þ hnð Þt hnð ÞV hnð Þ
jnj gð Þ hnð Þ

l gð Þ hnð Þm gð Þ hnð Þ �c gð Þ hnð Þt hnð ÞV hnð Þ
jnj gð Þðhn Þ

m2
gð Þ hnð Þ

2
666666666666666666664

3
777777777777777777775

T

u gð Þ
v gð Þ
u h1ð Þ
v h1ð Þ

..

.

u hnð Þ
u hnð Þ

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

¼ b gð Þx
b gð Þy

( )

ð21Þ

The discretized form of Eq. (19) can also be written in a stan-
dard linear system of equations as follows:



Fig. 3. The coordinate transformation.
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KP11 KP12 � � � KP1M

KP21 KP22 � � � KP2M

..

. ..
. ..

. ..
.

KPM1 KPM2 � � � KPMM

2
66664

3
77775

uP1

uP2

..

.

uPM

8>>>><
>>>>:

9>>>>=
>>>>;

¼

bP1

bP2

..

.

bPM

8>>>><
>>>>:

9>>>>=
>>>>;
or KP½ � uPf g ¼ bPf g

ð22Þ
where KP is the coefficient matrix of dimensions 2M� 2M (M is

the total number of material points), uP is the displacement vector,
and bP is the body force vector.

2.3. Formulation for coupling the BEM and PD

A model using shared nodes is established to combine the BEM
and PD equations, as depicted in Fig. 4. Based on the scale and loca-
tion of cracks, the entire structure is divided into several domains.
The domain without cracks is discretized using the boundary ele-
ments and is referred to as the BEM domain. The domain in which
cracks exist and propagate is simulated by material points and is
known as the PD domain. For the sake of description, three point
types are introduced: The nodes belonging only to the BEM domain
are denoted as ‘‘B,” which implies BEM itself; while the material
points within the PD domain are simplified as ‘‘P,” the interface
points in the BEM domain are BEM nodes denoted as ‘‘CB,” and they
are also the material points in the PD domain, therefore, also
denoted as ‘‘CP.”

First, the stiffness matrix for each domain was constructed.
Consider a two-domain structure as an example. In the BEM
domain, Eq. (7) is rewritten for ‘‘B” and ‘‘CB” nodes as follows:
Fig. 4. The BEM and PD coupli

78
Kn
BB Kn

BCB

Kn
CBB

Kn
CBCB

" #
xnB
un
CB

( )
¼ yn

B

tnCB

( )
ð23Þ

In the PD domain, the stiffness matrix in Eq. (22) for ‘‘CP” and
‘‘P” material points is written as,
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" #
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� �
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P
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ð24Þ

where Kn
BB and Kn

PP represent the nth-step stiffness matrix of the
boundary nodes and material points, which belong to the BEM and
PD regions only, respectively. Kn

CBCB
and Kn

CPCP
represent the nth-

step stiffness matrix of the nodes that are on the interface for the
BEM simulation and PD simulation, respectively.

The displacement continuity at the interface nodes is expressed
as,

un
CB

n o
¼ un

CP

n o
¼ un

C

� � ð25Þ

On the other hand, the force acting on the interface nodes from
the BEM domain is opposite to that from the PD domain obeying
Newton’s third law. However, the traction force computed in the
BEM domain is different from the body force calculated in the PD
domain. Thus, an equivalent traction for the body force should be
first performed by using the following equations:

ti ¼ rijnj

�bi ¼ rij;j
! ti ¼

Z
rij;jdx ¼ �

Z
bidx ! tnCB

n o
¼ � bn

CP
� Dx

n o
ð26Þ

where Dx is the spacing of the material points.
ng model of two domains.
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Before coupling the two systems of equations, one important
consideration is that the stiffness matrices of different domains
have different forms. For the BEM domain, the stiffness matrix is
full and nonsymmetrical; however, the stiffness matrix of the PD
domain is banded and symmetrical. Although, the forms of the
stiffness matrix for the PD domain are much different from that
of the BEM domain, these two systems can couple directly and
obtain a robust system of equations. Finally, based on Eqs. (25)
and (26) for the interface conditions, the general stiffness matrix
for the entire structure can be obtained by merging Eqs. (23) and
(24).
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ð27Þ
The displacement of each boundary node and material point can

be obtained by directly solving Eq. (27). The same procedures are
applied to treat multi-domain structures. For example, the stiffness
matrix for two BEM domains and one PD domain, as shown in
Fig. 5, can be written as in Eq. (28).
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2.4. Crack propagation calculations

For each step, the static forces or displacements (right side of
Eqs. (27) and (28)) are updated. After obtaining the displacements
Fig. 5. The BEM and PD coupled
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of the material points, the stretch between two material points s(g)
(h) is compared with the critical stretch sc. If s(g)(h) < sc, the compu-
tational process continues until s(g)(h) > sc, that is, the bond between
two material points breaks. The history-dependent scalar is set to
zero, and the stiffness matrix [K] in Eq. (24) is updated, and then
the computational steps continue. The detailed calculation proce-
dure is illustrated in the flowchart shown in Fig. 6. Damage D is
the local damage at the material point can be calculated by Eq.
(16) Fig. 7.

3. Verifications

To verify the accuracy and efficiency of the developed approach,
three verification examples are studied, and the numerical results
are presented. The geometry of the considered examples has a
length of 1.0 m and height of 0.2 m. For the material property,
the Young’s modulus is 100 GPa and the Poisson’s ratio is 1/3.
Throughout the analysis, a plane stress condition is assumed, and
quadratic boundary elements are applied. The horizon in the PD
model is d = 4Dx.

Example 1:. Deformation of a 2D elastic domain

A 2D elastic domain with left end fixed and right end subjected
to a tensile load P = 1050 KN/m is first considered. The structure is
divided into two regions of equal length, as shown in Fig. 6. Five
different discretization cases are considered, and the results are
discussed. The analytical solution for the elongation of this 2D
domain is given by,

D ¼ PL
EA

ð29Þ

where L and A are the length and cross-sectional area of the
example, respectively. The external tensile distribution loads can
be applied as body loads through the last right layer material
points (Silling et al., 2007). The magnitude of body force applied
to collocation points inside this region can be obtained by using
Eq. (30). In which, H is the vertical length of the domain, and Nf

is number of the nodes which subjected on the external force.

bi ¼ PH
Nf

ð30Þ
model with three domains.



Fig. 6. Flowchart of the computational procedure.

Fig. 7. A 2D elastic domain under tension.

Table 1
Five different discretization cases.

Cases Numbers of BE and MP

Case 1 28 BE and 45 MP
Case 2 28 BE and 1000 MP
Case 3 60 BE and 1000 MP
Case 4 140 BE and 1000 MP
Case 5 100 BE and 4000 MP

Fig. 8. Four discretization cases of the BEM and PD domains.
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To investigate the effect of the node distance and material point
spacing on the computed results based on the coupling model, five
different discretization cases are considered and listed in Table 1.
Because the BEM and PD domains share the same nodes on the
interface, the uniform (Cases 1 and 3–5) and nonuniform (Case
2) material point spacings are discussed separately. For the uni-
formmaterial point spacing case, the node distances on the vertical
edges in the BEM domain are the same as the material point spac-
ing in the PD domain; In contrast, nonuniform case is that the
nodes distance on the interfaces are not identical with the material
points spacing Dx. In Fig. 8, four uniform discretization models are
80
plotted. The node distances on the vertical edges and material
point spacing vary from 0.05 m to 0.005 m. Uniform and non-
uniform node distances in the BEM domain are also discussed.
Cases 1 and 4 have uniform node distances. However, for Cases 3
and 5, the node distances on the vertical edges are not the same
as those on the longitudinal edges, which are denoted as nonuni-
form node distance cases. The internal nodes in BEM domain are
used to compute the central line results to compare with the ana-
lytical solutions. The computed results of the displacement field
obtained using the present coupling approach are compared with
the analytical solutions and are shown in Fig. 9 and Table 2. The
contour plots of the displacement components u1 and u2 are also
shown in Fig. 10.

From Fig. 9 and Table 2, it can be observed that the present cou-
pling approach can yield accurate results even when only a few
boundary elements (BE) and material points (MP) are used. The
results are in good agreement with the analytical solutions. In
Table 2, the interface and result errors are defined by the differ-
ences between the present results and the analytical solutions at
the interface and the right end mid-points, respectively. Increasing
the number of BE and MP nodes improves the interface connection
and thus, the computed results. The consistency of the node dis-
tances along the longitudinal and vertical edges in the BEM domain
is found to have less effect on the coupling model results. The hori-
zon d is also investigated in detail. In general, the computed results
were found to be stable when d � 3Dx (Silling et al., 2007).

One nonuniform material point spacing along the interface was
also considered in the analysis. The distance of the BE nodes on the
interface is 0.05 m, and the PD material point spacing is 0.01 m.
The discretization and results of this model are plotted in Fig. 11.
It can be seen that the nonuniform spacing negatively affects the
results. The error between the BEM domain results and the analyt-
ical solution is noticeable, as shown on the left part of Fig. 11. The
continuity of the displacement field is also poor at the interface, as
depicted in (b) and (c) of Fig. 11.



Fig. 9. Computed results of u1 along the x axis compared with the analytical solution.

Table 2
Computing time and solution error for Example 1.

Cases Numbers of BE and MP Time (s) Interface Error (%) Results error (%)

Case 3 60 BE and 1000 MP 1.08 2.90 0.31
Case 4 140 BE and 1000 MP 9.34 2.89 0.12
Case 5 100 BE and 4000 MP 10.02 2.65 0.13
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Example 2:. A 2D elastic domain under a shear force

A 2D elastic domain of the same geometry as in the previous
example is studied next, where a concentrated force P = 100 kN
is applied at the upper right corner (Fig. 12). The analytical solution
of the deflection of this example at the free end is given by

y ¼ �Px2

6EI
3L� xð Þ;with the maximum deflection given ymax ¼

� PL3

3EI
ð31Þ
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The BEM and PD coupling approach results are compared with
those of the analytical solution, as shown in Fig. 13 and Table 3.
The present results match very well with those of the analytical
solution except for Case 2, in which the material spacing is not uni-
form for the interface nodes and the continuity is not consistent.
This can be seen in the u1 contour plot of Case 2 in Fig. 14 with a
slightly noted change near the interface. The results of the coupled
FEM and PD method (Yu, 2017) are also listed in Table 3. In Ref.
(Yu, 2017), compared with the results of the BEM and PD coupling
approach, many more finite elements and material points are
employed, but with less efficiency and accuracy in the results.



Fig. 10. Contour plots of the displacement components u1 and u2.

Fig. 11. Results of Case 2.

Fig. 12. A 2D elastic domain under a shear force.
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The uniform material point spacing is more accurate than that
with a nonuniform spacing. Thus, the uniform material point spac-
ing in discretization will be used in all subsequent studies.

Example 3:. Stretching of 2D elastic domain
The elastic tensile 2D domain studied in Example 1 is subjected
to two opposite displacement loads of 1 m at the left and right
ends, as shown in Fig. 15 and discussed in this section. The entire
domain is divided into three regions, the center part is the PD



Fig. 13. Deflection of the beam compared with the analytical solution.

Table 3
Computing time and solution error for Example 2.

Numbers of BE and MP Time (s) Interface error (%) Results error (%)

Case 1 28 BE and 40 MP 0.14 5.99 0.82
Case 2 28 BE and 1000 MP 0.41 11.11 0.51
Case 3 60 BE and 1000 MP 1.05 0.86 0.05
Case 4 140 BE and 1000 MP 9.55 0.48 0.12
Yu (2017) 2500 FE and 40,000 MP 36 – 1.08
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domain, and the sides are the BEM domains. Three uniform mate-
rial point spacings,Dx = 0.05, 0.01, and 0.005 m, are investigated in
detail. The discretization models are shown in Fig. 16 and Table 4.

Fig. 17 and Table 5 show the computed results and a compar-
ison with the analytical solution and the computing times. It can
be observed that fewer BE and MP nodes can yield satisfactory
results, with the largest error near the interface. Increasing the
BE and MP numbers can improve the interface continuity, as
83
shown in Fig. 18, where the contour plotting of u1 and u2 of the
problems are presented.
4. Applications in modeling crack propagation

Three examples of predicting the propagation of cracks in 2D
elastic bodies have been presented in this section to demonstrate
the effectiveness and efficiency of the developed BEM and PD cou-



Fig. 14. Contour plots of the displacement u1 and u2.

Fig. 15. Stretching of a 2D elastic domain.

Fig. 16. Three BEM and PD domain discretization cases.

Table 4
Three discretization cases.

Cases Numbers of BE and MP

Case 1 20 BE and 42 MP
Case 2 52 BE and 842 MP
Case 3 92 BE and 3282 MP
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pling approach. In all the examples, a plane stress condition is
assumed. Quadratic boundary elements are applied in the BEM
domain, and in the PD domain, the horizon radius d = 4Dx.

Example 1:. Mode I crack

A plate with a central crack 10 mm in length is shown in Fig. 19.
The Young’s modulus is 30 GPa, and Poisson’s ratio is 1/3. The plate
is subjected to a displacement condition at the left and right ends,
and the increment of the displacements for each step is 2.0e-8 m.
The critical stretch sc is 8.0e-4. For this example, the crack displace-
ment direction is perpendicular to the propagation direction,
which is called the Mode I crack. The plate is divided into three
regions: the center is the PD domain with a material point spacing
of Dx = 0.5 mm. Both sides are the BEM domains, the node distance
at the edges near the PD domain is the same as the material point
spacing, and the other two edges have a node distance equal to
2.5 mm.

After 278 increments (displacement loading is 5.56e�6 m),
damage occurs at the crack tips. The corresponding displacement
contours are plotted in Fig. 20, where the displacements are sym-
metrical with respect to the crack direction and continuous at the
interface. The crack continued to propagate with increasing dis-
placement loading, and the process of crack propagation is dis-
played in Fig. 21. The predicted crack propagation paths after
406 incremental steps (displacement loading is 8.12e�6 m) when
the crack reaches the plate boundary, which as expected is in good
agreement.

Example 2:. Mixed-mode crack

Mixed-mode cracks are the primary forms in practice. A mixed-
mode I/II crack is obtained by rotating the crack in Example 1 by an
inclination of 45�, as shown in Fig. 22. The geometry, loading, and
discretization are the same as in Example 1. The displacement con-
tours at 309 (displacement loading is 6.18e�6 m) steps when the
crack tip damage begins and 381 steps are plotted in Fig. 23. With
increasing displacement loading, the crack expands. Fig. 24 shows



Fig. 17. Comparison the present results with the analytical solutions.

Fig. 18. Contour plots of the u1 and u2.

Fig. 19. A central crack model.

Table 5
Computing time and solution error for Example 3.

Cases Numbers of BE and MP Time (s) Interface error (%) Results error (%)

Case 1 20 BE and 42 MP 0.11 13.28 0.11
Case 2 52 BE and 842 MP 1.22 1.36 0.11
Case 3 92 BE and 3282 MP 8.92 0.19 0.00
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the crack propagation process. The predicted crack propagation
paths after 454 (displacement loading is 9.08e�6 m) incremental
steps when the crack reaches the plate boundary.

Example 3:. Two-edge cracks

In this example, a rectangular plate with two 2 mm long edge
cracks, which are vertically offset by 2 mm on opposite sides, is
considered in Fig. 25. A tension load is applied on the top of the
plate, and an increment of 0.1 MPa is set for each step. The plate
is supported at the bottom. The Young’s modulus is 72 GPa, Pois-
son’s ratio is 1/3, and fracture toughness is 3288.76 N/mm1.5. The
center is predicted by the PD domain with the material point spac-
ing of Dx = 0.5 mm. The node distance at the left and right-side
edges of the BEM domain is 2.5 mm. Fig. 26 shows the displace-
ment contours and damage at 46 step increments (force loading
is 4.6 MPa) when the crack tip damage occurs. The cracks propa-
gate with increased force loading. Displacement contours and the
corresponding damage after 78 increments are shown in Fig. 27.
The crack propagation process is plotted in Fig. 28. Two cracks pass



Fig. 21. Crack propagation process of mode I crack.

Fig. 22. A mixed mode crack model.

Fig. 20. Displacement contours of mode I crack.
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through the predicted propagation paths after 83 (force loading is
8.3 MPa) increments of the cracks. These results are consistent
with results reported in the literature (Liu et al., 2017) or observed
for similar cases.

5. Conclusions

In this study, a newmultiscale method is developed by coupling
the BEM and PD. The direct combination of these twomethods pro-
duces a perfect match. The excellent performance of the coupling
method is illustrated by several test examples with or without
cracks. The following key conclusions can be drawn:

(1) A method with a full combination of the BEM and PD was
first developed and studied.

(2) The high efficiency of BEM is designed to help offset the high
computational cost of PD while maintaining good accuracy.

(3) The general stiffness matrix for the coupling model can be
obtained by merging the stiffness matrix of the BEM and
the stiffness matrix of the PD based on the continuity of dis-
placements and equilibrium of tractions at the interface.



Fig. 23. Displacement contours of mixed-mode crack.

Fig. 24. Crack propagation process of mixed-mode crack.

Fig. 25. A plate with two edge cracks.
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Fig. 26. Displacement contours and damage of Step 46.

Fig. 27. Displacement contours and damage of Step 78.

Fig. 28. Crack propagation process of two-edge cracks.
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(4) The proposed sharing node coupling model avoids complex
techniques such as mapping, morphing, and blending func-
tions in transitional zone-based approaches.

(5) The node distance of BEM elements near the PD domain is
the same as the PD material point spacing to ensure that
the nodes in these BEM elements can be simultaneously
regarded as PD material points.

The proposed coupling model accuracy can provide a precise
tool for predicting the fracture process of brittle materials under
static loading.
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