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Abstract This study presents an application of

bond-associated non-ordinary state-based peridynam-

ics (PD) and the corresponding fatigue theory to

predict fatigue crack growth in hydrogel. The consti-

tutive model of the hydrogel is assumed to be the neo-

Hookean material. Fatigue process is viewed as a

series of quasi-static crack growth and solved by the

explicit method. The applied strain energy-based

fatigue criterion is obtained from hydrogel fatigue

experiments. The fidelity of this model is established

by simulating the relevant experiment. Due to the

limitation of the test data, only crack growth phase of

fatigue life of hydrogel is focused on. The progressive

damage predictions by PD agree with that of exper-

iment and capture the general characteristics of the

experimentally observed damage patterns.

Keywords Bond-associated non-ordinary state-

based peridynamics � Fatigue crack growth analysis �
Hydrogel � Neo-Hookean

1 Introduction

Over the past few decades, hydrogels have attracted

ever-increasing interest from both academic and

industrial fields (He and Lu 2010). The tunable

properties and functions and facile preparation meth-

ods of the hydrogels lead to their various applications

in biotechnology and engineering ranging from drug-

delivery systems (Chang et al. 2010), cell-laden matrix

(Yang et al. 2017), anti-fogging films (Xu et al. 2023),

anti-fouling coatings (Zhang et al. 2021), to self-

healing film (Zhu et al. 2022), soft robotics (Ying et al.

2021), and 3D printing technology (Takishima et al.

2021). Many of these applications require hydrogels to

sustain cyclic stretch and release, and one of the major

failure forms of hydrogel is fatigue fracture. Never-

theless, the fatigue life prediction of hydrogel is

complex. The corresponding analysis is very few in

the literature. There may be three likely reasons (Tang

et al. 2017). First, synthetic hydrogels are a relatively

new type of materials, and interest in their mechanical

behavior started only after the commercialization of

contact lenses in the 1960s and superabsorbent diapers

in the 1980s. Second, fatigue fracture was not

‘‘mission-critical’’ in initial applications of hydrogels.

Third, hydrogels in use may degraded or dehydrate

before they rupture under cyclic load. However, with

expanded applications of the hydrogel the life-limiting

factors come out, and the study of fatigue fracture of

hydrogels becomes an urgent issue. Such a study will

aid the development of fatigue-resistant hydrogels,

Y. Chen � Y. Yang (&) � Y. Liu (&)

Department of Mechanics and Aerospace Engineering,

Southern University of Science and Technology,

Shenzhen, China

e-mail: yangy33@sustech.edu.cn

Y. Liu

e-mail: liuyj3@sustech.edu.cn

123

Int J Fract

https://doi.org/10.1007/s10704-023-00722-x(0123456789().,-volV)( 0123456789().,-volV)

http://crossmark.crossref.org/dialog/?doi=10.1007/s10704-023-00722-x&amp;domain=pdf
https://doi.org/10.1007/s10704-023-00722-x


and further, broaden the applications of hydrogels.

This paper initiates a numerical study of fatigue

fracture of hydrogels.

In terms of predicting crack growth, the traditional

approaches based on continuum mechanics face

conceptual and mathematical difficulties in terms of

predicting crack nucleation and growth, especially for

multiple crack paths, because the equations in classi-

cal continuum mechanics are derived by using spatial

derivatives. Recently, peridynamics (PD) based on the

non-local theory was developed by Dr. Silling (Silling

2000), which has aroused intense interest since it

becomes a promising method to study crack propaga-

tion. It attempts to unify the mechanics of continuous

and discontinuous media within the same framework

in which the spatial derivatives are replaced by

integrals, so that the PD governing equations are

applicable to fractures and external crack growth

criteria are no longer necessary. PD has been adopted

to study brittle fracture (Yang and Liu 2022, 2021),

failure in fiber-reinforced composites ((Zhou et al.

2017; Hu and Madenci 2016)), damage in functionally

graded materials (Cheng et al. 2015, 2018), and crack

path in polycrystal materials (Ghajari et al. 2014;

Zhang et al. 2019).

PD also has been successfully applied to predict

fatigue fracture. Silling and Askari (Silling and Askari

2014) introduced a PD model for fatigue cracking in

metallic structures. It is based on the concept of

remaining life and it is capable of predicting life

concerning crack initiation and fatigue crack growth.

Another PD fatigue model was proposed by Oterkus

et al. (Oterkus et al. 2010) that applies only to the

growth phase of a crack. Zhang et al. (Zhang et al.

2016) improved the computational efficiency of the

model by Silling and Askari (Silling and Askari 2014),

and investigated the fatigue cracking in metals and

two-phase composites. Jung and Seok (Jung and Seok

2017) developed a mixed-mode fatigue crack growth

analysis using PD approach to extend the fatigue

model for mode I crack case. Hu andMadenci (Hu and

Madenci 2017) presented an application of PD to

predict damage initiation and growth in fiber rein-

forced composites under cyclic loading. A method for

fatigue multi-crack propagation simulation based on

ordinary state-based peridynamics was established by

Zhao et al. (Zhao et al. 2019). Peridynamics with

corrected boundary conditions was implemented by

Ghaffari et al. (Ghaffari et al. 2019) in a hierarchical

multiscale method to study rolling contact fatigue. An

energy-based PD model for fatigue cracking was

proposed by Cong et al.(Cong et al. 2020). In their

work, the definition of cyclic bond energy release rate

range and the energy-based PD fatigue equations for

both crack initiation and crack growth phases were

introduced. A fatigue damage-cumulative model

within PD framework was proposed to serve the needs

of fatigue and damage tolerance evaluation in digital

twin paradigm by Liu et al. (Liu et al. 2021). Based on

the concept of fatigue element block and damage

accumulation law in the form of Coffin-Manson

relationship, the proposed model applied to both

fatigue crack initiation and fatigue crack growth. Zhu

et al. (Zhu et al. 2021) predicted the fatigue crack

propagation in polycrystalline materials under cyclic

loads using PD theory. However, due to the complex

material constitutive model and large deformation

characteristic, there exists no PD model to predict

fatigue damage in hydrogel. The conventional strain

energy-based criterion for fatigue simulation is based

on the theoretical strain field at the crack tip of a linear

elastic solid (Cong et al. 2020). Nevertheless, such

derivation is not suitable for hyperelastic material,

since the strain and stress state at the crack tip is

different from linear elastic material and the theoret-

ical strain field at the crack tip can be hardly derived.

Therefore, a different approach should be performed

to obtain the strain energy-based criterion.

In this work, the neo-Hookean model is taken as the

material constitutive model to describe the stress-

stretch response of hydrogel under a large tensile

stretch. Based on the bond-associated non-ordinary

state-based peridynamic and the fatigue theory, the

fatigue crack growth analysis of hydrogel is presented.

The fatigue loading is simulated by considering

incremental static analyses of cyclic loads with

constant amplitude. Dynamic PD equilibrium equa-

tion is solved by employing explicit techniques,

adding a damping term to stabilize the computation.

Fatigue propagation of the hydrogel crack is predicted

by employing strain energy density-based criteria

according to the experiments. The simulation yields

the number of cycles till the propagation of damage,

and the number of cycles for the extent of damage

propagation. The fatigue prediction of the hydrogel is

validated by simulating the physical tests conducted

by the work of Tang et al. (Tang et al. 2017).
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The outline of this paper is as follows. After the

introduction, the detailed experimental results of

fatigue test on the polyacrylamide hydrogel are

presented in Sec. 2. Theory of non-ordinary based

peridynamics and neo-Hookean model is briefly

described in Sec. 3. The fatigue failure theory in the

framework of PD is introduced in Sec. 4. The

implementation of fatigue crack growth in two-

dimensional hydrogel sheet under pure shear modeling

and simulation is discussed in Sec. 5, followed by the

conclusions in Sec. 6.

2 Experimental observation

Tang et al. (Tang et al. 2017), conducted the fatigue

test on the typical hydrogel samples: polyacrylamide

hydrogel, which is readily synthesized in laboratories,

and is used in many applications (Tang et al. 2017).

The pre-notched samples were loaded cyclically in the

pure shear test. As illustrated in Fig. 1a. The hydrogel

sample can be roughly divided into three parts as

shown in Fig. 1b. Zone I can be regarded as pristine

and totally elastic. Zone II is under fatigue fracture

containing process zone and stress concentration

around the crack tip. Zone III is slack without elastic

strain energy. The process of crack propagation is just

the shrink of Zone I as Zone II moving leftward. The

state of the crack tip remained the same.

Here we denote the stretch of Zone I along the

loading direction as kbulk. The horizontal shrink of

Zone I can be neglected. Then, owing to incompress-

ibility, the stretch along the thickness direction is

1=kbulk. Drawing in a Mohr’s circle, this deformation

state can be achieved by shear stress solely. Thus, this

kind of experiment is called pure shear test, which has

been widely performed on rubber-like materials

(Rivlin and Thomas 1997, David et al. 2019).

The pure shear test of an intact sample (conducted

in Ref. (Tang et al. 2017)) states that the constitutive

relation of hydrogel can be described by the neo-

Hookean model as

W ¼ l
2
ðk21 þ k22 þ k23 � 3Þ ð1Þ

where k1, k2 and k3 are the principal stretches. In the

pure shear test, replacing k1, k2 and k3 by kbulk, 1 and

Fig. 1 Illustration of the

pure shear test. a Initial

state. b Deformed state
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1=kbulk respectively, the strain energy density for pure
shear test or for Zone I can be written as

WðkbulkÞ ¼ l
2
ðk2bulk þ k�2

bulk � 2Þ ð2Þ

The energy release rate G can be expressed as

G ¼ HWðkbulkÞ ð3Þ

where H is the initial height of the sample sheet.

Experiments in Ref. (Tang et al. 2017) showed there is

a linear relation between energy release rate and crack

propagation speed, which can be fitted as

da

dN
¼ 1:99 � 10�8 � ðG � 7:03Þ ð4Þ

where a is the crack length with unit of millimeter,N is

the number of loading cycle. The intercept 7.03 J=m2

is the fatigue threshold described in energy release rate

G. If G is under this threshold, fatigue fracture will not

occur. Detailed preparation process of this hydrogel

samples is described in Ref. (Tang et al. 2017).

3 Peridynamic model of hydrogel

3.1 PD correspondence model for neo-Hookean

material

Assume an object occupies a certain spatial domain in

the reference configuration at time t. Based on non-

local interactions, a material point represented by its

initial position vector x interacts with other material

points x0 which are within a certain domain (horizon)

denoted by Hx. Conventionally, Hx is a circular (2D)

or spherical (3D) region with a radius of d. The bond
vector is de fined as n ¼ x0 � x. According to the

Newton’s second law, the PD equation of motion for a

unit volume centered at material point x is written as

qðxÞ€uðx; tÞ ¼
Z
Hx

ðt � t0ÞdVx0 þ bðx; tÞ � c _uðx; tÞ

ð5Þ

The integro-differential equation given in Eq. (5)

can also be represented in a discrete form as

qk _u ¼
XMk

j¼1

tkj � t
� �

Vj þ bk � C _uk ð6Þ

where q is the mass density, u, _u and €u are the

displacement, velocity and acceleration vectors,

respectively; b is the body force density vector; t and

t0 are the pair-wise force density vectors, representing

the interaction between the material points; c is a

positive number denoting the numerical damping

term. The subscripts represent the index of material

point. In the following sections, this kinetic equation is

used to find the quasi-static solution of the numerical

model with an appropriate c. In this analysis, based on

the experience, c is taken as shear modulus multiply-

ing by 0.18.

In Eq. (6), Mk represents the number of family

members of the material point k and j represents the

family member of the material point k. The term Vj is

the volume of the material point j. The term tkj denotes

the force density that the material point j exerts on the

material point k, and tjk corresponds to the force

density that material point k exerts on the material

point j.

Non-ordinary state-based PD gives the PD expres-

sion of deformation gradient, making it convenient to

connect with traditional constitutive model. Bond-

associated scheme is proposed to overcome the

numerical instability and oscillation in non-ordinary

state-based PD ((Behera et al. 2020; Roy et al. 2020)).

As is shown in Fig. 2, for a bond vector n from x to x0,
its bond-associated deformation gradient tensor is

computed by considering the intersection region of Hx

and Hx0 .

In bond-associated scheme, the deformation gradi-

ent tensor is written as

FnðxÞ ¼
Z
Hx\Hx0

w½ðy00 � yÞ � ðx00 � xÞ�dVx00

( )
K�1

n

ð7Þ

where x00 and y00 are the position vectors in reference

and deformed configuration, respectively. K is the

shape tensor expressed as

KnðxÞ ¼
Z
Hx\Hx0

w½ðx00 � xÞ � ðx00 � xÞ� dVx00 ð8Þ

where w is the weight function evaluating the propor-

tion of each point in the horizon.

The force density is associated with the first Piola–

Kirchhoff stress tensor P as:
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tnðxÞ ¼ 1

2

/nðx; x0Þ
/ðx; x0Þ wPnK

�1
n ðx0 � xÞ ð9Þ

with

/nðx; x0Þ ¼
R
Hx\Hx0

dVx00R
Hx

dVx00

/ðx; x0Þ ¼
R
Hx0

dVx00R
Hx0

dVx00 þ
R
Hx

dVx00

ð10Þ

The selection of an appropriate material constitu-

tive model is a tradeoff between accuracy and

complexity. Behera et al. (Behera et al. 2020) derived

the expression of the first Piola–Kirchhoff stress tensor

of neo-Hookean material with slight compressibility,

where the strain energy density function is expressed

as

W ¼ l
2
ðI1 � 3Þ þ K

8
ðJ � 1

J
Þ2 ð11Þ

in which l and K are shear and bulk moduli

respectively; J is the determinant of F, that is

J ¼ detF; I1 ¼ J�2=3trC is the normalized first

invariant with C ¼ FTF. In the following sections,

plane stress case is assumed. The corresponding

expression of P is written as

P ¼ lðF � C33F
�TÞC1=3

33 J�2=3 ð12Þ

where C33 is the component of C which can be

obtained numerically from the equation:

lð2
3
C
�2=3
33 � 1

3
C
�1=3
33 trCÞJ�2=3 þ K

4
ðC33J

2 � C�1
33 J

�2Þ ¼ 0

ð13Þ

Note that the deformation gradient tensor F in

Eqs. (12) and (13) is 2 by 2 for 2D case. After

computing the force density of the material points, the

dynamic equation can be solved by using the explicit

method, the acceleration, velocity, and displacement

for each material points can be obtained at each step.

4 Peridynamics for fatigue crack based on cyclic

bond strain energy density

In PD, description of failure is described by removing

the interactions between points, i.e., bond breakage. In

fatigue modeling (Silling and Askari 2014), a variable

named ‘‘remaining life’’ uN
kj, is introduced to a bond

connecting xk to any point xj in its horizon. The

remaining life gradually reduces as the loading cycle

Nth increases. For fatigue crack grow phase (phase II),

the remaining life is usually represented by the bond

strain (Silling and Askari 2014), which is replaced by

the relationship between remaining life and the bond

strain energy density in this analysis, as is performed

in Ref. (Cong et al. 2020). By considering the fatigue

threshold, the bond remaining life relates to bond

strain energy density as

Fig. 2 Bond-associated scheme diagram
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uN¼0
kj ¼ 1;

duN
kj

dN
¼

�AðeNkj � e1ÞB; if eNkj [ e1

0 otherwise
:

(

ð14Þ

where eNkj is the strain energy density of the bond at N
th

loading, e1 is the fatigue limit which is the lowest

cyclic bond strain energy density that still results in

fatigue damages. Material parameter A is a positive

parameter and B is a positive constant exponent, which

are to be calibrated from experiments. In contrast, A

cannot be obtained directly from the fatigue equations

obtained in experiments. However, A can be obtained

by performing a simulation once with an arbitrary

Atrail value (Cong et al. 2020) and the fatigue equation

of experiments as:

A ¼ Atrail

ðda=dNÞðexp erimentÞ
ðda=dNÞðtrailÞ

ð15Þ

The negative bond remaining life means the bond

broke irreversibly due to fatigue damage. In order to

record the breakage of each bond, a history-dependent

function c is introduced:

cNkj ¼
1; if unbroken for all 0�N 0 �N

0; if broken
:

(
ð16Þ

The damage at material point j can be calculated as

DN
k ¼ 1�

PMk

j¼1 c
N
kjVjPMk

j¼1 Vj

ð17Þ

As is stated in Ref. (Cong et al. 2020), fatigue crack

growth phase, i.e., phase II is valid for a bond of

material point jwhen point j or at least one of its family

members have D�D0. Otherwise, it is under phase I.

Here D0 is set 0.39 since the damage at a mode I crack

tip is around 0.39 when d = 3.015dx.

In this article, we focus on phase II fatigue only,

since experiments on the initiation of fatigue crack of

hydrogel without a pre-cut is very limited.

5 Numerical implementation

In this section, a rectangular hydrogel sheet with a pre-

notch of 20 mm is studied. The width and length of the

sheet are 10 mm and 50 mm, respectively, as shown in

Fig. 3. As is calibrated in Ref. (Tang et al. 2017), the

shear modulus of the sample is 3.06 kPa. This value is

applied in the following numerical samples.

5.1 Relation between kbulk and ktip in PDmodeling

In PD modeling, 150 � 30 points are distributed

uniformly to represent the hydrogel sheet. Thus, the

spatial discretization size dx is 1/3 mm. The bonds

crossing through the notch are broken to represent the

initial crack. The top edge of the sheet is subjected the

displacement loading until kbulk reaches the target

value. In this analysis, the simulations were performed

at kbulk = 1.495, 1.55, 1.60 and 1.65 which are same

with the experiment. Note that when kbulk is 1.495, the
energy release rate G is at its critical value 7.03 J=m2,

which is obtained according to Eq. (3). Then an

iteration was performed: two or three bonds with the

largest stretches were broken at each iteration step and

their crack tip stretches are recorded. The stretch of a

bond is defined as the current length of the bond

divided by the initial length. Quasi-static solution was

Fig. 3 Illustration of the sample geometry

Fig. 4 Stretch at crack tip at each iteration step
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achieved after the breakage in each iteration step. The

crack propagated for a small distance in each step and

the average recorded crack tip stretches are plot in

Fig. 4 with respect to iteration steps.

It can be observed that the stretch at the crack tip

experienced a significant plunge during the first twelve

iterations and then showed a periodic fluctuation. This

periodic fluctuation is due to the periodic discretiza-

tion of material points. We calculated the average

value in a period as the stretch at the crack tip as crack

propagating. The average crack tip stretches are 2.68,

3.42, 3.63 and 3.88 respectively, as listed in Table 1.

5.2 Relation between etip and da
dN

The Mode I crack tip of the hyperelastic material can

be regarded as an arc shape (Majid and Ayatollahi

2016). We use the crack tip stretch calculated in the

previous part as the principal stretch of the material at

the crack tip and the principal stretches can be

approximated as k1; k2; k3 ¼ ktip; k
�1=2
tip ; k�1=2

tip

respectively. Thus, the strain energy density at the

crack tip associated with a bond can be written as

eðktipÞ ¼ l
2
ðk2tip þ 2=ktip � 3Þ. The crack propagation

speed da
dN can be calculated by Eq. (4) according to

loading stretch. The calculated data is shown in

Table 1.

There is a linear relation between etip � e1 and

dc=dN, as shown in Fig. 5. Thus, parameter B in

Eq. (14) is set to 1.

5.3 Fatigue simulation

To start with a quasi-static computation, the bond

stretches at k ¼ kbulk are obtained. Then an iteration

for fatigue simulation is conducted. In each iteration

Table 1 Quantities

associated with different

loading stretches

kbulk ktip ebulk(kJm
-3) etip(kJm

-3) etip � e1(kJm-3) da=dN(10-4 mm/N)

1.495 2.68 0.70 7.54 0 0

1.550 3.42 1.25 14.20 6.66 10.92

1.600 3.63 1.45 16.41 8.72 14.94

1.650 3.88 1.67 19.21 11.69 19.18

Fig. 5 Linear relation

between dc=dN and

etip � e1
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step, for the bonds undergoing phase II fatigue

damage, their remaining cycles are calculated as

NremainðjkÞ ¼
uN
kj

AðeNkj � e1Þ ð18Þ

The remaining cycles of bonds are sorted from

smallest to largest in an array as

fN1
remain N2

remain ::: Nn
remain g. Considering effi-

ciency, we break two or three bonds with the smallest

lives at one iteration step rather than a single one.

Besides, if too many bonds are broken at one step, the

accuracy can be lower and the valid points in the

intersection region of Hx and Hx0 may be not enough,

leading to the singularity of the shape tensor Kn in

Eq. (7). There exist some extra methods to deal with

such singularity, but actually the singularity may be

avoided by just breaking two or three bonds at one

step. Then each bond life is updated according to

Eq. (14) undergoing N2
remain or N3

remain cycles. Note

that in programming, loading cycle N can be treated as

a real number instead of an integer. After the breakage

in each step, a quasi-static solution is achieved. The

Fig. 6 Flow chart of the

fatigue crack growth of

hydrogel
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flow chart of the fatigue crack growth procedure is

presented in Fig. 6.

Some steps of damage contour are presented in

Fig. 7 under kbulk ¼ 1:65. The average stretch at the

crack tip in fatigue prediction is in coincidence with

the recorded stretches in Sect. 5.1. After calibrating

from the experiments, parameter A in Eq. (14) is set to

1:74� 10�3. The crack propagation length is 0 mm,

5 mm, 10 mm and 15 mm in Fig. 7a–d and the

corresponding loading cycles are 0, 2564, 5211 and

7782 respectively. Figure 8 shows the crack propaga-

tion length da with respect to loading cycles N, which

is in good agreement with prediction from Eq. (4)

setting kbulk ¼ 1:65.

Moreover, the fatigue model based on strain energy

density is not limited in simulating pure shear test or

Mode I crack, since such criterion has been applied in

many other loading conditions on rubber-like materi-

als (Mars and Fatemi 2002).

6 Conclusions

The fatigue crack growth of a hydrogel sheet under

cyclic loading is analyzed by a bond-associated non-

ordinary state-based peridynamics and the corre-

sponding fatigue theory. The neo-Hookean model is

employed as the material constitutive model in the

dynamic equation and an appropriate damping term is

adopted to keep the results stable. The fatigue

implementation utilizes the fatigue data of the pure

shear experiments. Present predicted crack propaga-

tion length with respect to loading cycles is in good

agreement with experimental observation.
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