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ABSTRACT

This study introduces an approach for the solution of governing equations resulting from Carrera
unified formulation (CUF) by incorporating the peridynamic differential operator (PDDO). The the-
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oretical foundation integrates the 1D PDDO formulation with the unified theory of refined beam

models. The 3D mathematical/physical surfaces are reconstructed via Taylor/Lagrange expansions
of cross-sectional coordinates. The bond-wise PDDO fundamental nuclei are developed for nonlo-
cal integration, which remains invariant with respect to the expansion order across the beam
cross-section. The capability of the proposed approach for 3D analysis is demonstrated through
static simulations of beams with various geometries under prescribed displacement and traction
boundary conditions. The predicted 3D deformation states are in agreement with analytical

KEYWORDS

Carrera unified formulation;
peridynamic differential
operator; nonlocal
mechanics; dimensionally
reduced approach; beam-
type structures

solutions and finite element method results, confirming the accuracy and robustness of the

formulation.

1. Introduction

The finite element method (FEM) is widely recognized for
its effectiveness and versatility in analyzing structural com-
ponents. Its prevalence stems from two major develop-
ments: the formulation of mathematical methods for
solving differential equations in approximate or weak forms
and the advent of computational tools capable of automat-
ing these operations on digital computers [1]. In FEM, the
computational domain is discretized into finite elements,
within which the governing equations are solved, and glo-
bal deformation and stress fields are obtained through sys-
tematic assembly procedures. However, FEM solutions
based on classical continuum mechanics (CCM) encounter
significant challenges in the presence of discontinuities
within the material body. When geometric or material dis-
continuities exist, extremely refined meshes are often
required to achieve convergence and accuracy. Moreover,
as cracks propagate, additional treatments—such as cohesive
elements, enrichment functions, or adaptive remeshing—are
necessary to accommodate evolving discontinuities.
Similarly, meshfree methods derived from CCM, including
smoothed particle hydrodynamics and the reproducing ker-
nel particle method, also require supplementary measures
such as smoothness assumptions or kernel-function recon-
struction to manage spatial derivatives and associated
approximations effectively [2].

To provide a unified framework for modeling both con-
tinuous media and cracks, peridynamics (PD) eliminates the

principle of local action inherent in CCM and establishes a
nonlocal continuum theory that explicitly accounts for long-
range interactions [3-5]. The governing equation of PD takes
an integro-differential form, which imposes no smoothness
requirements on the field variables. Consequently, PD
remains physically and mathematically consistent in both con-
tinuous and discontinuous domains, making it particularly
suitable for damage and fracture analysis across multiple
length scales [6-8]. Building upon the concept of PD interac-
tions, the PD differential operator (PDDOQ), introduced in
2016 [2,9], enables numerical differentiation through integra-
tion. By reestablishing nonlocal interactions between a point
and its surrounding neighborhood, the PDDO allows for
accurate evaluation of field variables and their derivatives at
discrete points without explicit differentiation—maintaining
validity even in the presence of jump discontinuities or singu-
larities. Acting as a bridge between local and nonlocal theo-
ries, PDDO facilitates numerical analysis over smooth or
scattered data while addressing several limitations previously
identified in PD formulations [10-15]. Applications of PDDO
extend from static and dynamic analyses of brittle and ductile
materials to multiscale and multifield problems [10,16-19].
Nonetheless, when applied to structures with pronounced
one-dimensional (1D) characteristics, models that consist of
PD particles can present computational challenges. Simplified
1D models often lose critical cross-sectional information
[20,21], whereas fully three-dimensional (3D) nonlocal mod-
els may lead to excessive discretization in the longitudinal
direction.
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To address the limitations of simplified 1D PD models, the
PDDO has been increasingly integrated with structural theo-
ries to capture 3D behaviors of beam structures, owing to its
simplicity, compatibility with PD, and ability to model failure.
Aung et al. [22] introduced two PD formulations based on the
Euler-Bernoulli beam theory for planar, arbitrarily curved
beams, while Nguyen et al. [23] combined the kinematic
assumptions of the Timoshenko-Ehrenfest beam theory with
PDDO to simulate the static, dynamic, and fracture responses
of curved beams. Li et al. [24] performed large-deformation
analyses of functionally graded beams with linearly varying
and parabolic lower surfaces using PDDO. Madenci et al. [25]
applied the PDDO to solve the equilibrium equations of the
refined zigzag theory (RZT) for predicting the progressive fail-
ure of laminated composite structures. Dorduncu [26] further
coupled RZT with PDDO for the stress analysis of laminated
composite beams, and later developed a nonlocal beam model
by combining the PD least-squares minimization method
with RZT to investigate the stress and deformation states of
adhesively bonded beams with functionally graded adhesive
layers [27]. More recently, Zhang et al. [28] coupled Carrera
unified formulation (CUF) and PDDO for beam and plate
structures that reproduces exact 3D deformation states using
1D and 2D PDDO models that do not involve nonlocal sur-
face or boundary corrections. Distinct from earlier formula-
tions, this approach reconstructs the 3D mathematical
surfaces of slender structures through a Taylor series (TS)
expansion of cross-sectional coordinates in accordance with
CUF. CUF offers a compact and systematic notation through
which classical and refined high-order beam, plate, and shell
theories can be consistently derived and solved. Its governing
equations are expressed in terms of fundamental nuclei (FN),
which remain independent of the order and class of approxi-
mation functions used in the expanded directions [29,30]. The
FN extraction feature allows CUF to be efficiently imple-
mented for automated computation. When incorporated into
finite element frameworks, CUF has been successfully applied
to the static and dynamic analyses of beams, plates and shells
with or without geometric or constitutive nonlinearities
[31-34]. Its integration with nonlocal methods [35-39] fur-
ther demonstrates its capability to extend one- and 2D nonlo-
cal models to their 3D counterparts, confirming its strong
compatibility with PD and PDDO theories.

The present study reconstructs both mathematical and
physical 3D surfaces of beam-type structures. The mathem-
atical surfaces are generated through the Taylor expansion
class, whereas the physical surfaces are obtained via the
Lagrange expansion class, enabling the framework to accom-
modate a wider range of practical structural configurations
in comparison to the previous work [28]. Incorporating
physical surface conformity enhances the consistency of the
proposed formulation with classical FEM and PD analyses,
both of which rely on abstract entities such as lines or refer-
ence surfaces for model construction. Through Taylor and
Lagrange expansions of cross-sectional parameters, the pre-
sent approach enables exact 3D analysis using a 1D PDDO
model. The capability and accuracy of the proposed
approach are demonstrated through benchmark tests on

beam stretching and bending problems involving various
cross-sectional geometries.

2. Peridynamic differential operator

PDDO conducts numerical analysis making use of discrete
data and provides a unified solution to differential and inte-
gral equations regardless of their intrinsic behavior and
presence of singularity. It is constructed by establishing a set
of orthogonal PD functions which stays in effect regardless
of the symmetry of the PD horizon. The following section
elaborates on the derivation of PD functions and the con-
struction of PDDO.

As shown in Figure 1, a material body is discretized into
multiple material particles in domain D. The particle x gener-
ates interactions with its neighbor particles x’ within a certain
cutoff distance called the horizon Hy. The horizon can be asym-
metric or symmetric for the construction of PDDO. The relative
position vector bonding x and x' is defined as & =x —x.
According to Madenci et al. [9,25], the PDDO is constructed
using N-th order TS of a scalar field f(x') = f(x + £) as

Of(x)

1@;—:Jmﬂx+éMMfmv, (1)

where p denotes the order of differentiation with respect to
x. The orthogonality property of PD functions requires
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where n,p =0, 1,...,N. Such orthogonality property permits
the determination of any order of derivatives of the spatial
functions. PD function g§ (&) can then be written as

N
(&) = alwy(1g)e, 3)
q=0

where wg(|€]) are the weight functions associated with each
term &9. The unknown coefficients, alq) can be obtained from
the solution of

N
> Angab = b (4)
q=0

The coefficient matrix A is constructed as
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and vector b is defined as
bl,), = 1’1!5”‘0, (6)

where 9, is the Kronecker symbol.

Figure 1. PD interaction for 1D analysis.



For 1D analysis, the PDDO expression for derivatives up
to 2nd order can be written as

fx)
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which can be recast in the form of
If (x)

0x o X — f(x & (&)
i (=), = >>{g }dv. ®

Ox?

Similar to PD interactions, PDDO ensures the determin-
ation of field variables and their derivatives using PD mod-
els, without symmetry requirements on PD horizon. As the
size of horizon decreases or the number of terms in PD
function increases, PDDO recovers the local differentiation.

3. CUF for beam type structures

The unified formulation solves the elasticity problem by
generating hierarchical approximated solution on the basis
of fundamental nuclei with the expansion order as the only
input parameter. Its combination with PDDO contributes to
an effective dimensionally reduced approach for the restor-
ation of 3D deformation states of beam structures. The
establishment of the unified formulation based on high-
order beam theory and PDDO is elaborated in the following
section.

3.1. The unified formulation for beam structures

The unified formulation of the cross-section displacement
field is described by an expansion of generic functions F;,

u=Fu,s=12,..,M, 9)

where u={u, u, u 1" is the 3D displacement vector,
while u; = {uxs Uy, U }T is the tth order generalized
displacement vector. M stands for the number of expanded
terms. For beam type structures (Fig. 2), Equation (9) is
written as

u(x,y,z) = Fi(x,2)us(y),s = 1,2,..., M, (10)

where F, are functions of the cross-section coordinates x
and z. The choice of the expansion function F; or the num-
ber of terms depends on the practical conditions and the
required degree of accuracy. Possible choices include Taylor
polynomials, Lagrange polynomials, etc [31].

A U
Y 1.
X S

Figure 2. 3D model expanded from 1D PDDO model.
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The Taylor expansion class (Figure 3) presents a unified
approach to deal with beam theories of any order. The 3D
displacement fields are obtained through a single formal
expression constructed on the basis of Taylor-like polyno-
mials (Table 1) in a unified manner, with the expansion
order N as the only input parameter. The notation
PDDO(TE_N) is utilized to denote beam-type structures
expanded by N-th order Taylor polynomials.

For instance, the displacement field of PDDO(TE_2)
model is established as

ux(x,y, Z) = qu (y) + xuxz ()/) + Zuxa (y) + xzuxq (y) + xzuxs (y) + Zzuxé (y)
uy(x’% z) = Uy, ) + XUy, ) + ZUy, »+ x2”y4 )+ XZUyg )+ Zz”yb )
U, (%, 9,2) =ty (¥) + xti, (¥) + 200z, () + P, (y) + x205, (y) + 221z, ().

(11)

As a kind of centered expansion, TE creates a mathemat-
ical 3D surface along the axial coordinate y. The number of
expansion terms can be adjusted to fulfill the given accuracy
requirement, while the richer expansion contributes to a
more accurate result. The 3D deformation details at a spe-
cific point can be obtained through proper postprocessing
based on the formulation Equation (9).

The Lagrange expansion class (Figure 4) takes pure dis-
placement components as unknown variables and uses
Lagrange polynomials to expand the displacement fields across
the section. The notation PDDO(LE_{ x n L f) is utilized for
beams with square cross-sections where { and # denote the
number of f-point Lagrange elements in x direction and z dir-
ection. The notation PDDO(LE_6 L f) is utilized for those
with thin-walled cross-sections where 0 denote the total num-
ber of f-point Lagrange elements. For nine-point Lagrange
(L9) element, the expansion function F; and the point coordi-
nates are given in Equation (12) and Table 2.

TR

2

1 1
F, = —sf(sz +55)(1-7) —Q—Erf(rz +rr)(1=%),s=2,4,6,8
F, = (1-2)1-1),s=9

(12)
PDDO beam model
A
............ Ay mg F(x,2)
—y
Figure 3. 3D PDDO(TE) model.
Table 1. Taylor-like polynomials.
N M F
0 1 =1
1 3 F2 =X, F3 =z
2 6 Fy =x* Fs = xz, Fg = 2
3 10 Fr =x3, Fs = X°z, Fg = x2%, Fyo = 23
N (N+1D(N+2)/2 Foesnsap =X o Fvenywezye = 2

PDDO beam model

F.(x.2)

—y

Figure 4. 3D PDDO(LE) model.
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Table 2. Normalized coordinates of L9 points.

Point rs S
1 -1 =1
2 0 -1
3 1 -1
4 1 0
5 1 1
6 0 1
7 -1 1
8 -1 0
9 0 0

where r and s are the normalized coordinates. r; and s, are
the coordinates of nine nodes in L9 elements. Different
from TE class, LE creates a physical 3D surface, where the
3D deformation details are directly solved from the govern-
ing equations. With its model variables and boundary condi-
tions being directly applied on the physical surface, LE
models are particularly suitable for locally refined or CAD-
coupled scenarios. Moreover, a finer cross-section mesh
(high order models) can be used for more accurate results.
By means of the principle of virtual displacement (PVD),

the governing equations of high order beam theories can be
derived and written in general as

K%, =P ,xeR

II"u, =p*,x€ B, (13)

u =u,x € B,
where 17,5s=1,2,..,N. K¥ and II* are FNs for inner
domain R and boundary domain B, and B, (Figure 2),
whose derivation is elaborated in Appendix A. P denotes
generalized forces, while p and u stand for the applied trac-

tion and displacement boundaries. The governing equations
in expansion form are

. 11 55 66 12 66 13 55 —
N (N S LRy T S (R ) N (A S AR
S . 66 12 66 44 22 44 23 — pr
ou}’T . (]r,,s - ]rs,x) Uss,, + (]T,xs,x + }I,zs,z> Uys — ]rs Uys,y + (]r,:s - ]rs,,) Uszs,, = P,v

du” : (]ISiSZ + ]rlis‘x)uxs + (13325 - ]?:z> Uys,, + (]fisk + His) Uzs — ]?:uzsw = P;

(14)
On the boundary there are
]ff”y”m,y + ]fss,x”y”ys =P,
]Tlfxnyuxs + JEnyuy  + ]fsznyuzs =D, (15)

44 44 _ o
s mythys + Jegtythes , =P

z

(k)

1

J

+ ]55

+uzs(y(j)) (]%3 r,zs),)gg(é)’(jxk))

,x5,2

The generic terms ]g‘/f,sv are the cross-sectional moment
parameters defined as an integral over cross-section €,
];‘/f) o= J"QCa/;FT, oFs,,dQ. C,p are material constants and the
suffix after the comma denotes partial derivatives.

3.2. The unified formulation for beam structures with
PDDO

To establish the PDDO beam model, the domain D is spa-
tially discretized into Tpp material particles in y-direction,
which consists of inner domain R and boundary domain B.
The boundary domain B can be further divided into B, and
B, according to the type of boundaries (displacement
boundary or traction boundary), as shown in Figure 2. Each
particle x(;) possesses the volume V), mass density p ) and
T neighbor particles labeled as x(; within horizon Hy, .
Particle k is located by coordinate (x(),y(x),Z(x)). The rela-
tive position vector between Xy ~and @ x; s
(&> Ey(j) (k) E2(j)(v))- The expansion order N is the only
input parameter determined according to the actual accuracy
requirement.

For particle x), k = 1,2,..., Tpp, the governing equations
are

K™ (&) 0 us (XG> X (1> £) = Pl Xy € R
T (&)1 s (%> X1 1) = Pl Xty € Bo
us(x(j),x<k), t) = Uk X(k) € B,

(16)

where 7,s =1,2,...,N. K* and IT* are the FNs of stiffness
matrix established for the inner domain and boundary layer,
respectively. u, is the generalized displacement vector for
PD particles. Displacement boundaries u, and traction
boundaries p* are directly applied on the boundary layer as

e {p;l),sz), . ...,PgTPD)}
R 1 2 n
Py = {Plys P> Pli -+ Pl | 17)

=5 1 2 Hh N

u, = {u(l)f, W(2)zs oo Wy oo W(k)ps oo u(TPD)T}
Wy = {M(k)p Uk)2s -+ U(k)ns -+ u(k)N}
), = {u(j)l,u(j)z, cos Ui ...,uwN}.

For beam-type models, the PDDO is the function of

¢y(j)(k)- According to the PD functions defined in Equation
(7), Equation (14) can be recast in PDDO form as

(18)

() (T, 7255, ) 8 (S000) = (ms0) = s (0))J58 (S50
(s() = ws(00)) (2= %, )88 (500

ALj = P: (19)
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I
-
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Z

(s (V) — ths (VW) (13,225 - ]fs‘i)gi (&ow)

-
I
—

+ Uy ()/(j)) (]3325 + 55

On the boundary, Equation (15) yields

(xs (V) = s (V) ) TS 1323 (500
| s m8 (Sim)

N

ALj) = p;
(22)

Ny s (Y (7)) ]rzslxnyg (éy(f >)
> 1 F00) = ws00)JEm& (Sow) pALy =P,
= +uzs(y(] )]‘L’S z 3(5}"(] )

(23)
N Uys(¥(j) )],Sznyg2 (&im) ALy = 5°
S| H(=00) ~ w=0w)Eng Gow) [0

(24)

where AL is the length of grid spacing, as the 1D equiva-
lence of volume. According to Equation (7), g7, g3, g5 are
PD functions for solution of the Oth, 1st and 2nd order par-
tial derivatives. For PDDO numerical implementation,
Equations (19)-(24) are rewritten in component wise form
as given in Equations (A21)-(A28). The proposed unified
dimensionally reduced approach is implemented with Intel
Fortran compiler 2025.2 in Windows 11 system. Results are
visualized through ParaView 6.0.

4. Numerical results

This section investigates the capability of the unified
approach with PDDO in restoring 3D deformation states
with 1D models, by considering 3D beam structures sub-
jected to various boundary conditions. 1D PDDO computa-
tional models, along with the corresponding boundary
conditions, are illustrated to differentiate the mathematical
surface enabled by Taylor expansion class and the physical
surface enabled by Lagrange expansion class. The advantages
of two expansion methods are demonstrated through com-
parisons against analytical solutions (approximate equations
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(s (V) — s (V1)) (]f,is - frzsl,,)gzl (S0))
() (24, 485, ) 8B (Gw) = <uys %)

“ys(y(lo)) & (&6w) pALj =P (20)

AL(/) = (21)

ot x)gg (Eow) = (H=s(V)) = as (Vi) V282 (Sr00))

for the deflection curve of Euler-Bernoulli beams) and finite
element predictions.

4.1. Simple tension tests

As shown in Figures 5 and 8, a beam (L =50,M =D = 10
unit: mm) is uniformly discretized into 50 particles along y-
direction, with the grid size A =1 mm. A Cartesian system
is located at the left end of the beam along y-direction. For
4.1.1 and 4.1.2, the 1D PDDO models are expanded by TE
and LE respectively. 3D PDDO(TE_1) and PDDO(LE_1 x 1
L4) beam models are constructed as shown in Figure 5(a)
and 5(b). The beam is isotropic with Young’s modulus of
70 GPa and the Poisson’s ratio of 0.3. The horizon is speci-
fied as 0 =3A and the weight function is specified
as w(&) = e~ (119",

4.1.1. Simple tension tests—displacement boundary

As shown in Figure 5(a), the PDDO(LE_1 x 1 L4) model
possesses physical surfaces. The displacement boundary
u, = 0.5 mm is applied directly on the surface nodes. The
BCs are applied as

uy(x,9,2) =0
0yx(%,9,2) =0 for
0y:(%y,2) =0

uy(x,y,2) =1,

Oy(%,9,2) =0 for y=1L (25)
0yz(%,,2) =0
ux(x,9,2) =0

for x=-W/2, z=-D/2
u(x,9,2) =0

u(x,,2) =0 for x=W/2, z=-D/2.

The PDDO(TE_1) model (Figure 5(b)) generates math-
ematical surfaces based on centered expansion, whose BCs
are applied as
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U (%, 9,2) =0, =1

Uy (%,9,2) =0, =1

Uy (%,y,2) =0, 1= for y=0

Oyx(%,,2) =0

0y2(%,9,2) =0 (26)
U (%,9,2) =0, =1

Uy (X, 9,2) =1y, T=1

Uy (%,9,2) =0, 1= for y=1L.

The BCs on other surfaces are automatically satisfied
which are thereby omitted for simplicity. To enable the
same bulk behavior, PDDO(LE) model restrains surface
nodes while PDDO(TE) model restrains the central particles
on the boundaries, as illustrated in Figure 5.

As shown in Figure 6, displacement components pre-
dicted by PDDO are compared with analytical solutions and
FEM results. The analytical expressions for Figure 6(d)-(f)
are, respectively, u, = 1.0 X 1072 Y, Uy = =3 X 1073 x and
u, = =3 x 107 z (unit: mm, PDDO(TE) models take the
middle plane as reference plane). CUF(LE_1 x 1 L4) model
with 50 B2 elements along y-direction is utilized for FEM
analysis [31]. PDDO(TE) and PDDO(LE) models are able to
restore the 3D deformation states of beam structures (Figure
6(a)-(c)), which are identical to analytical results and FEM
results (Figure 6(d)-(f)). Given a non-uniformly discretized
model, PDDO recovers its 3D deformation states as well, as
depicted in Figure 7(a) and (b).

a) z m Uy I
¥
, # _ 8z
. SN n, Eea
< 4 -1 “1 y —r—F x
v L ¥ LE cross-section
P s
b) z _
I ) op /II g lly ° ]| z
P, 5.
X 5 L % ;PL!‘ x<_T

TE cross-section

Figure 5. The geometry of ST-D models: (a) 3D PDDO(LE_1 x 1 L4) beam
model, (b) 3D PDDO(TE_1) beam model.

uy (mm)
5.00e-01
[ 4.00e-1
— 3.00e-1
— 2.00e-1

[ 1.00e-1
-1.75e-18
U, (mm)
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[ 1.00e-2
~— 5.00e-3

— 0,00
— -5.00e-3

[ -1.00e-2
-1.50e-02
Ui, (mm)
1.50e-02

[ 1.00e-2

— 5.00e-3

—0.00
— -5.00e-3

l 1.00e-2
-1.50e-02

4.1.2. Simple tension tests—traction boundary

For the simple tension tests—traction boundary tests, the
right end of the beam is subjected to a traction of p, = 500
MPa. BCs applied on the PDDO(LE_1 x 1 L4) model
(Figure 8(a)) are

uy(x,9,2) =0

0yx(%,y,2) = for y=0
0yz(%, 3, 2) =

0y(X, 3, 2) =

oy 3:2) =P, for y=1L
0yz(%,7,2) =0

ue(x,9,2) =0
for x=-W/2, z=-D/2
u(x,5,2) =0
=0

u(x,y,2) = for x=W/2, z=-D/2.
(27)
lly(mm)
5.00e-01
a) [4,00271
000000 00000000 000 000000 0000 b 50061
— 2.00e-1
_— y 1.00e-1
[0.00E+OO
b
) 0.48 -
0.36
E o4l
=>.
0.12
Analytical
®  PDDO (non-uniform
0.00 - discretization)

0 12 24 36 48
Coord. y (mm)

Figure 7. Displacement variations predicted by PDDO model with non-uniform
discretization in ST-D tests.

d) o
~ 036
E ® FEM
< 0 e PDDO(LE)
= 0 PDDO(TE)
0.00 Analytical
0 10 20 30 40 50
0.02 Coord. y (mm)
e) = FEM
ool = PDDO(LE)
E b6 PDDO(TE)
g Analytical
-0.01
002¢ 4 2 0 2 4 6
002 Coord. x (mm)
f) A FEM
_ ool 4 PDDO(LE)
£ 7
£ 000 PDDO(TE)
3 Analytical
-0.01

0% 4 2 0 2 4 6

Coord. 7 (mm)

Figure 6. Displacement components predicted by PDDO(TE_1) models: (a) uy, (b) uy, (c) u,;; Comparison of displacements along (d) x =0,z=D/2, (e) y =

L/2,z=D/2,(f)x =W/2,y = L/2 in ST-D tests.



For PDDO(TE_1) model (Figure 8(b)), the BCs are

U (%,9,2) =0, 1=1

Uy (x,9,2) =0, 1=1

Uy(x%,9,2) =0, 1=1 for y=0

0yx(%,9,2) =0

0, (x,9,2) =0

uifgx,;, zi =0, 1=1 (28)
Uy (x%,9,2) =0, t=1

0yx(%,9,2) =0 for y=1L.

oy (%7:2) =P,

0y2(%,9,2) =0

The traction boundary of PDDO(TE_1) model is enabled
based on Eq. (A20), while for PDDO(LE_1 x 1 L4) model it is
enforced as evenly distributed nodal forces on plane y = L.
According to Figure 9(a)-(f), PDDO, FEM results and analyt-
ical solutions agree well with each other. The analytical expres-
sions for Figure 9(d)-(f) are, respectively, u, = 7.14 x 1072 y,
Uy =—2.14x 1073 (x+5) and wu, =-2.14 x 107 (z+5)
(unit: mm, PDDO(LE) models take the surface plane as refer-
ence plane). CUF(LE_1 x 1 L4) model with 50 B2 elements
along y-direction is utilized for FEM analysis. The Poisson
effect in x and z directions are well revealed in 3D manner. As
indicated in Figure 7(a) and (b) and Figure 10(a) and (b),
PDDO enables nonuniform discretization and is free of nonlo-
cal surface effects from the truncated domain of interaction at
points near the boundary.

a) z Z = £, y &
L E, y Q
5 i 77 - z
X»J—' 1 1 X 1 I3 F, T J
T T 1 4 47F ——F x
r L ¥ LE cross-section
b) z
) 11 D, s |
5 o 77 Cof y z
7 I |
% " L ” )I‘L* X 4—1

TE cross-section

Figure 8. The geometry of ST-T models: (a) 3D PDDO(LE_1T x 1 L4) beam
model, (b) 3D PDDO(TE_1) beam model.

a) , (mm)
[ 3.57e-01
3.00e-1

4 — 2.00e-1

— 1.00e-1
)
X
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b) U, (mm)
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y
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X ’J\‘ g l -2.14e-02
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4.1.3. Simple tension tests—3D entity and its
discretizations

The PDDO(LE) model constructs a 3D entity with physical
surfaces. A beam with dimensions L = 40,M = 20,D = 2
(unit: mm) in Figure 11(a) can be discretized into two dif-
ferent types of PDDO(LE_1 x 1 L4) models labeled as
PDDO(LE(a)) and PDDO(LE(b)) respectively along y-direc-
tion and z-direction as illustrated in Figure 11(b) and (c).
The BCs of PDDO(LE(a)) are given as

uy(x,,2) =0

O'yx(x>y> Z) =0 for y=0
0y:(%,y,2) =0
0%, ), 2) =
oy(%.y:2) =P, for y=1 (29)
0ye(%, 3, 2) =
uX(x)y, Z) - } for x= —W/Z, zZ = —D/2
uy(x,,z) =
u(x,9,2) =0 for x=W/2, z=-D/2
My(mm)

3.57e-01
[ 3.00e-1

— 2.00e-1

a)

—_— y — 1.00e-1
0.00e+00
b) 0.4
03 F
02
g
<
0.1F
Analytical
® PDDO (non-uniform
0.0 F . L
discretization)

0 12 24 36 48
Coord. y (mm)

Figure 10. Displacement variations predicted by PDDO model with non-uni-
form discretization in ST-T tests.
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~ 0273
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24 36 48
Coord. y (mm)

® FEM

e PDDO(LE)
PDDO(TE)
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e) 0.000
0.005

-0.010
-0.015
-0.020
—0,025_6

f) 0.000

-0.005
-0.010
= -0.015
-0.020
-0.0257{)

ug (mm)

-4 2 0 2 4 6
Coord. x (mm)

A FEM

4 PDDO(LE)
PDDO(TE)
Analytical

u, (mm)

-4 2 0 2 4 6
Coord. z (mm)

Figure 9. Displacement components predicted by PDDO(LE_1 x 1 L4) models: (a) uy, (b) uy, (c) u,; Comparison of displacements along (d) x =0,z =D/2, (e) y =

L/2,z=D/2,(flx = W/2,y = L/2 in ST-T tests.
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a) 3 —
z g Py
[ % kg
y 7
x B — -
447 1
el 1 H—— T
s L L X

b)

500c0000000000000000c¢
PDDO(LE(a))

where ﬁy = 500 MPa. The BCs of PDDO(LE(b)) are

uy(x,y,2) =0

0yx(%,1,2) = 0 for y=0

Oy (%, y,2) =

Oy(%9,2) =

0y (%,2) =P, for y=1
0yz(%,9,2) =0

B B T
U (x,y,2) = 0 for x=W/2, z=-D/2
Ozx(% )— 0

0y(%,3,2) = for z=W/2

02(%,y,2) =

Ou(%,y,2) =

Ooy(%,3,2) = 0} for z=-W/2.
0(%,2) =

As indicated in Figure 11(b) and (c), LE model variables
and BCs can be located directly on the physical surfaces.
Without rotations or higher-order variables, pure displace-
ment components are taken as the unknown variables,
which provides enhanced flexibility for the discretization of
beam-type structures and is able to meet a wider range of
modeling needs. The traction boundaries can therefore be
applied as nodal forces in different ways as shown in
PDDO(LE(a)) model and  PDDO(LE(b)) model
Displacement variations predicted by PDDO(LE) models are
compared in Figure 12. The analytical expressions for Figure
12(a)-(c) are u, =7.14x 107 y, u,=-2.14 x 107 (x +
10) and u, = —2.14 x 10~ (z+ 1) (unit: mm). CUF(LE_1

e
PDDO (LE(b))
Figure 11. The ST-AB model and its discretizations: (a) model geometry; (b) PDDO(LE(a)) model, (c) PDDO(LE(b)) model.

0.3
E 0.2 B FEM
= o1 = PDDO(LE(a))
s PDDO(LE(b))
0.0 : ) ) . = Aualytécal
0 10 20 30 40
Coord. y (mm)
0.000 ® FEM
’E e PDDO(LE(a))
g -0.015 PDDO(LE(b))
: 0030 - ::: Analytical
-0.045
10 5 5 10
Coord. x (mm)
0.000 A FEM
E 4 PDDO(LE(a))
PDDO(LE(b))
£ -
< 0.002 —— Analytical
= — " _—
-0.004

-1.0 -0.5 0.0 0.5 1.0
Coord. z (mm)

Figure 12. Comparison of displacement variations along (a) x = D/2,z = W/2;
(b)y=1L/2,x=D/2;(0)y =L/2,z=W/2 in ST-AB tests.

x 1 L4) model with 50 B2 elements along discretization dir-
ection is utilized for FEM analysis. According to Figure 12,
PDDO(LE) results are identical to analytical solutions and
FEM results, verifying the capability of PDDO(LE) approach
for reproducing 3D deformation states of beam-type
structures.

4.2. Bending tests

4.2.1. Bending tests—line load

With the same beam geometry as Sec. 4.1, PDDO(LE_2 X 2
L4) and PDDO(TE_3) models with 1000 PD particles are
utilized for the bending tests. The BCs of bending tests—



line load tests are illustrated in Figure 13 (g, = —200 N/
mm). For PDDO(LE) model, line loads are enforced as
nodal forces and the BCs are given as

uy(%,9,2) =0

uy(x,9,z) =0 for y=0
(%, 2) Y G1)
u(x,9,2) =0
P,(x,y,z) =P, for z=D/2, y=L.
For PDDO(TE) beam model, BCs are given as
Ue(x,9,2) =0, T=1,2,..,N
Uy (%,9,2) =0, 1=1,2,..,N for y=0
e (%, 9, 2) y (32)
Uy(%,9,2) =0, T=1,2,...,N

q:(x,y,2) =q, for z=D/2, y=1L.

The line loads are applied based on Eq. (A20) for
PDDO(TE) analysis. For the construction of PDDO, third-
order TS is utilized; thus, the horizon is set 6 = (3 + 1)A.
Displacements predicted by PDDO models are in agreement
with analytical and FEM results (Figure 14(a)-(f)). The ana-
lytical expression for Figure 14(d) is u, = —8.57 x 107%)* +
5.71 x 107%® (unit: mm). CUF(LE_2 x 2 L4) model with
1000 B2 elements along y-direction is utilized for FEM ana-
lysis. Stress and strain variations along path x = W/2,y =
L/2 and path y = L/2,z = D/2 are depicted respectively in
Figure 15(a) and (b). PDDO results are in agreement with
the analytical solutions (the analytical expressions for Figure
15(a) and (b) are ¢, = 4.29 X 103 and 0,y = —60z, unit:
MPa) and FEM results.

4.2.2. Bending tests—moment boundary
The 3D TE beam model discretizes the bulk model with a
system of particles with mass density, which pertains to the

q, | ” LE cross-section
y
z 3 ;
e Py
,J—v v " A
x A J
* L * e x
Figure 13. The geometry of BD-L model.
a) u, (mm)
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iz — -5.00e-1
J\‘ —-1.00
x y -1.45e+00
U (mm)
b) ; 1.08e-02
= 5.00e-3
4 — 0.00
J\‘ — -5.00e-3
¥ ¥ -1.08e-02
U, (mm)
c) '}:2,]66-01

~ 1.00e-1

—0.00
J\‘ — -1.00e-1
Y l -2.08e-01
X
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static and dynamic simulations of beam structures with 3D
geometric characteristics. For a simply supported beam
(Figure 16), boundary conditions can be applied on certain
particles directly in the form of body load. The BCs are
written as

Uee(%,9,2) =0, =1

Uy (%,),2) =0, =1

i (%3:2) for y=10

U (x,9,2)=0, 1=1

Mx(x,y,Z) =—-M, (33)
U (%,9,2) =0, =1

Ug(%,9,2) =0, 1=1 for y=1L

a) 0.0044
0003 Qoo oOOOOOOOOBERGaGaaa
510.0042 - ® FEM
= PDDO(TE)
0.0041 PDDO(LE)
Analytical
0.0040 L L
-6 4 0 6
Coord. z (mm)
b) 300}
200
g 100}
= O ®  PDDO(TE)
& -100} = PDDO(LE)
2200 F FEM
300} Analytical
-400 L
-6 -4 6

2 0
Coord. z (mm)

Figure 15. Strain and stress variations along (a) path y = L/2,z = D/2 and (b)
path x = W/2,y = L/2 in BD-L tests.
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Figure 14. Displacement components predicted by PDDO(TE) models: (a) u;, (b) uy, (c) u,; Comparison of displacements along (d) x =0,z=D/2,(e)y =L/2,z=

D/2, (fyx = W/2,y = L/2 in BD-L tests.
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where M, = 5.6 x 10° N - mm. The displacement variations
predicted by PDDO(TE_3), FEM and analytical solutions
are depicted in Figure 17(a) and (b). The analytical expres-
sion for Figure 17(b) is u, =4.8 x 107 > =24 x 107! y
(unit: mm). CUF(TE_3) model with 1000 B2 elements along
y-direction is utilized for FEM analysis. PDDO and FEM
results are in agreement with the analytical solution.
Moreover, as shown in Figure 18(a) and (b), the PDDO(TE)
model can capture the stress variations in comformity with
FEM results and analytical solutions. The analytical expres-
sions for Figure 18(b) are ¢, = —3.36 x 10° for z=D/2
and €,, = +3.36 x 10° for z = —D/2 (unit: MPa).

4.3. Box beam

Figure 19(a) shows the geometry (L = 50, M = 10,D = 10,
t =1, unit: mm) and the boundary conditions (#, = -5
mm) of the box beam. The model is composed of 1000
particles in y-direction. The cross-sections are established
by Taylor expansion (Figure 19(b): PDDO(TE_N),
N=13,579) or Lagrange expansion (Figure 19(c):
PDDO(LE_8L4), PDDO(LE_1214), PDDO(LE_2014),

U, (mm)

- 3.60e-02
[ -5.00e-1
—-1.00

—-1.50
—-2.00

l -2.50
-3.04e+00

e PDDO
e [EM

Analytical

0 10 20 30 40 50
Coord. y (mm)

Figure 17. Displacement variations along x = 0,z = D/2 in BD-M tests.

u y (mm)
1.20e+00
= 5.00e-1

— 0.00
— -5.00e-1

-1.20e+00

b) 4500F
3000 (g s e e e A aa ol o ag o) nl
= 15001 = PDDO (z=D/2) ® PDDO (z=-D/2)
S ol = FEM (=D/2) o TEM (z=-D/2)
:? 566l Analytical (z=D/2) Analytical (z=-D/2)
-3000 - [ o o o B B o B B B e o o]
45001 | , , ‘ , ,

0 2 4 6 8 10
Coord. x (mm)

Figure 18. Stress variations along y = L/2,z = *=D/2 in BD-M tests.

PDDO(LE_36L4), PDDO(LE_12L9)). The BCs of the
PDDO(LE) beam models are
ux(x,9,2) =0
uy(x,9,2) =0 for y=0
u(x,5,2) =0 (34)
bl b = O
uy(x ¥ 2) - } for y=1L,
u(x,y,2) =1,
while for PDDO(TE) beam models there give
Uy (%,9,2) =0, 1=1,2,..,N
Uy (%,9,2) =0, 1=1,2,..,N for y=0
Uy (x%,9,2) =0, 1=1,2,..,N (35)
T\ % Vs - 0; =1
tye(:,2) _ f } for y=L.
Uy (%, 9,2) =T, T=1
Paths P1 (x=0,z=5), P2 (y=6,z=5), P3

(y =6,x =4) and P4 (y = 6,z = 4) are specified for discus-
sion, as shown in Figure 19. Figures 20 and 21 depict the
displacement variations predicted by PDDO(TE_9),
PDDO(LE_3614), PDDO(LE_12L9) and FEM along path P1
and P2.

u
a) P2 _, ?
_____________________________________ o ——
=il
7 , flR
2 Y ug
y 5 i
. I-» 7 o
)2 L L
P2
P4 '
b) ©) H u
P3
Ly \
N Q PDDO (LE_8LS) PDDO (LE_12LJ)
| ENERE!
z [ L H =
W N N 1 B H z
PDDO (TE_N), N=1,3.5,7.9 ——— e x<—1

PDDO (LE_20Lg) PDDO (LE_36Lg)

Figure 19. The box-beam and its cross-sectional expansions: (a) model geom-
etry; (b) PDDO(TE) cross-sections; (c) PDDO(LE) cross-sections.
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Figure 20. Displacement variations of the box beam along path P1.
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Figure 21. Displacement variations of the box beam along path P2.
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Figure 22. Displacements predicted by PDDO (TE class) models along path P2.

The overall deformation of box beam can be character-
ized by z-displacement variation along P1. As indicated in
Figure 20, all three PDDO models are capable of reproduc-
ing FEM results and show modest differences with the ana-
Iytical solution. The analytical expression for Figure 20 is
u, =8 x 107> »* —6 x 107 »* (unit: mm). FEM analysis is
conducted on ABAQUS (84335 C3D8R elements). Since the
box beam has notable 3D characteristics, further analysis is
conducted in comparison with FEM predictions. From a
detailed perspective, as compared in Figure 21 along P2,
PDDO(LE) models are more effective in capturing the finer
displacement variations, which indicates that for beam-type
structures with complex geometries local approximation
schemes like Lagrange expansions are more effective than
the global expansions via Taylor polynomials. For
PDDO(TE) models (Figure 22), the increase of Taylor
expansion order contributes to more accurate results, which
is referred to as p-refinement. While for PDDO(LE) models
in Figure 23 (PDDO(LE_SL4), PDDO(LE_12L4),
PDDO(LE_20L4), PDDO(LE_36L4)), better accuracy can be
achieved through mesh refinement, referred to as h-
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Figure 23. Displacements predicted by PDDO (LE class) models along path P2.
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Figure 24. Strain variations along path P3.

refinement. Higher-order PDDO(LE_12L9) model shares the
same number of cross-sectional unknowns with PDDO(LE_
36L4) model, however, according to Figure 23, PDDO(LE_
1219) generates smoother displacement curve and shows
better convergence performance than that of PDDO(LE_
36L4) model. Modest discrepancies in strain variations along
P3 and P4 between two models arise from numerical
instability and are respectively observed at different curve
sections to the reference data, as shown in Figures 24 and 25.
Therefore, the accuracy of PDDO(LE) approach depends not
only on the number of unknowns, but also on the order
of expansion, node distribution and numerical stability.
The comparison among PDDO(LE) models as depicted in
Figure 23 also implies the hp-refinement feature of the pro-
posed PDDO(LE) approach.

5. Conclusions

This study incorporates the PDDO approach in CUF to
model beam-type structures with 3D characteristics. The
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Figure 25. Strain variations along path P4.

construction of full 3D entities through Taylor or
Lagrange expansion classes within the unified formulation
of high-order beam theories facilitates the straightforward
application of boundary conditions. The extraction of
PDDO fundamental nuclei enables automated assembly
and efficient numerical implementation on digital com-
puters. Two types of 3D models are developed to accom-
modate diverse practical scenarios, such as beam-type
structures with different geometric characteristics, various
boundary conditions and non-uniform discretizations.
Compared with the conventional FEM, the proposed
approach effectively reconstructs 3D  deformation
responses from 1D PDDO models.
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Appendix A: CUF-PDDO fundamental nuclei for
beam type structures

The governing equations and the fundamental nuclei in CCM form are
obtained through PVD

where Liy
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denotes the internal strain energy and Ly denotes the

work due to external loadings. Given the unified formulation based on
high order beam theories
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where
1-v
Cii=Cyp =Gy fm
14
Cp=Cs3=Cs=———"E
12 13 23 I+(1-2) (A8)
1
Cy = G55 = Cgs =

2(1+1/)E

The virtual variation of the strain energy is considered as the sum
of two

OLint :J Jaefander ” o€ 6,ddl (A9)
QJl 1JQ

where Q and [ are integration domains of xz plane and y direction,
respectively. Stress ¢ and strain € vectors are decomposed as cross-sec-
tion components and through-length components, denoted by the sub-
scripts p and n. Substituting geometric relations, constitutive equations
and the unified formulation into the variational form of PVD leads to

L = [ [o[(DpF:0u;)" (CppDpFous + Cpy(Dyp + Dy Fott)
+((Dup + Dun) FfauI)T (CnprFsus + Cyn(Dyp + Dm)Fsus)]del.
(A10)
After integration by parts, Eq. (A10) yields
OLine = j,jg(é"u,)T[D; (CppDp + Cpn (D + D))
+(Dyp — Dyuy) T (Cnpr + Cun(Dip + D) )| Fo Fou,dQdl
+ o (0u0)" 15, (CupDy + Con (D + D)) | FeFousal,

(A11)
where
0 n 0
L.=|0 0 =n (A12)
n, 0 0

with n, = cos (¢,). The angle between the normal direction and y-dir-
ection is ¢,. The virtual variation of strain energy in compact form is
given as

OLiny = J (6u;fK“us + 5u;fl'[”us)dl. (A13)
1
The fundamental nuclei K* and IT" are expressed as
* = [o[D) (CppDp + Cp(Dip + D) ) (AL4)
+(Dyp — Dyy) T(CnPDP + Cyn(Dyp + Din) ) 1dQ
T — J [Ijn (Cup(Dy) + Cpn(Drp + D,,n))] daQ, (A15)
Q
which can be written in explicit form as
62
Ky = L+, I
s 0
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Ky =2, 42,
0
K5 = (1 -T2) 5,
5 X 5 X a
y e
Ky =%, I, T (A16
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K5 = (-2 5
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K= (708 5,
55 33 u
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125,z 5 (9)/

0
Ty :]ff”yafy’ I :]fsi”y’ ;=0
0
M5 =8 TR =JEn o, TG =7 n (A17)
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In addition, the virtual variation of the external work contributed
by inner particles and boundary particles are also presented for refer-
ence, which are expressed as

SLey — J (5uTP" + SuTp?)dl, (A18)
1

where P is the force vector of inner particles and p” is the force vector

of boundary particles. For the applied displacement @, p* can be writ-

ten as

p’=II"u,. (A19)
For the external transversal pressure &, p* can be written as
P = J F.dQOg. (A20)
Q

For the point-wise force F loaded at (xo,y0,20), P* is enforced as
the combination of a concentrated force and a torque depending on
the location of F, as elaborated in Ref. [31].

For PDDO implementation, rewrite Equation (19)-(21) in the form
of PD functions as

T (l,l) (1,2) (1,3) (1,4) (1,5) (1,6)
P 2o Pwo Pwe Pwo Pwe Pwe | [ ws@w)
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i G 162 133 164 1G5 1(3.6) Uzs(Y(k))
T” =3 %0 P Pwi Pwo Pwo Pwo ,
Bol Al 0 0 0 0 o o ||™00
Py, 0 0 0 0 0 0 s ()
P | o 0 0 0 0 0 “as(70)
(A21)
where
L1 .
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Py = (]12;(5_]$S6X>g2(é}’(} ))ALG)
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Py =90
(14 11 55 0 66 (A22)
0= (P, +725.)8 (S0w) ALy =198 (Gw) AL
15
ity = (72 =15 )& (w) ALy
16
i) = (. +72.,) 8 (G0m)ALy
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(k)G tas  Jus,y |82 Sx()(k ()
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(24 66 12 (A23)
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(63.1) _ where
Do) =0 o
D) = Tm& (S ) AL
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As defined in Equation (7), g2, g}, g are PD functions for the Oth, ®06) — (A27)
1st and 2nd order partial derivatives. Accordingly, Equation (22)-(24) =24 0 _ .
on the boundary are recast into (D(k)(j) =I5 m& (@U)(k))AL(J)
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