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developed code. It is shown that the fast multipole BEM can be applied to solve plate bending problems

with good accuracy. Possible improvements in the efficiency of the method are discussed.
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1. Introduction

The boundary element method (BEM) has been applied suc-
cessfully to solve the thin plate bending problem since the late
of 1970s and early 1980s. Many researchers derived the direct
boundary integral equation (BIE) formulations for both linear and
nonlinear responses [1-11]. Using the Rayleigh-Green identity and
the fundamental solution, the biharmonic governing equation of
Kirchhoff thin plate theory can be transformed into a direct BIE
formulation where there are four boundary variables, that is, the
deflection, rotation, bending moment, and Kirchhoff equivalent
shear force. Generally, two of them are given from the boundary
conditions (BCs) and the other two are to be determined. There-
fore, two BIEs are required for the thin plate bending problem: the
displacement (deflection) BIE and the rotation (normal derivative)
BIE. The first BIE is strongly singular, while the second is hyper-
singular. All these characteristics resemble those of the BIE
formulations for potential, elasticity, Stokes flow, acoustic and
elastodynamic problems, except for the fact that the use of the
hypersingular BIE together with the singular BIE is a must for the
plate bending problem using the BEM.

For the conventional BEM, a standard linear system of equa-
tions is formed after the BCs are applied. As the coefficient matrix
A are usually dense and nonsymmetric, every element of A need
to be stored. Obviously, the construction of A requires O(N?)
operations and computer storage (with N being the number of
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equations). If direct solvers are used, such as Gauss elimination,
a total of O(N®) operations are required in the solution of the
systems. Even when iterative solvers, such as GMRES, are
employed, the computational complexity of the algorithm is still
O(N?). This is why the BEM is inefficient in solving large-scale
problems.

In the mid of 1980s, Greengard and Rokhlin [12-14] developed
the fast multipole method (FMM) to solve potential problems and
simulate particle dynamics that can achieve the efficiencies of O
(N) operations and computer storage. Many researchers have
applied the fast multipole BEM in many other fields, including
elasticity, Stokes flows, acoustics, elastodynamics, and electromag-
netics. Comprehensive reviews of the fast multipole BEM research
can be found in [15,16] and the details of the FMM implementa-
tion with the BEM can be found in [17,18]. Despite of the rapid
developments of the fast multipole BEM in solving various
problems in the last two decades, there are only a few papers on
solving the biharmonic equation with the fast multipole method.
Greengard, et al. solved 2-D biharmonic interaction problems [19]
and elasticity problems [20] based on the biharmonic equation.
They decomposed the biharmonic function into two analytic
functions (Goursat's formula) and used contour integrals for
evaluating these analytic functions in the complex plane. Gumerov
and Duraiswami solved the biharmonic equation in 3-D [21], in
which the biharmonic equation is decomposed into two harmonic
equations. If the above two approaches are to be used to solve the
plate bending problem, the four BCs for a plate in bending will be
difficult to be related to the two analytic or harmonic functions
in a general setting. According to the authors' best knowledge,
plate bending problems have not been attempted using the fast
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multipole method based on the direct BIE formulation in which
the BCs can be applied directly in a plate bending problem.

In this paper, we apply the fast multipole method to solve
large-scale thin plate bending problems that is based on the
biharmonic equation and the direct BIE formulation. First, we
briefly review the BIEs for Kirchhoff thin plate theory and the
related conventional BEM. Then, we introduce the fast multipole
algorithm and the complex notation of kernel functions, expan-
sions and translations of the kernels for thin plate bending
problems. Finally, a few numerical examples are given to show
the accuracy of the developed fast multipole BEM for thin plate
bending problems. Possible improvements to the efficiency of the
developed method are discussed to conclude the paper.

2. BEM formulation for thin plate bending problems

For completeness, we briefly review the governing equations
and the BIE formulations for the Kirchhoff thin plate bending
problem.

2.1. BIEs for the thin plate bending problem

The governing equations and the direct BIE formulations for
general thin plate bending problems are well documented in the
BEM literature [1-11].

Consider an elastic thin plate with its middle surface occupying
a 2-D domain V with boundary S (Fig. 1). In terms of deflection
w(x), the biharmonic governing equation is:

DVAw(x) = q(x), XV ¢))

where D= Eh3/12(1—u2) is the bending rigidity, E is Young's
modulus, v is Poisson's ratio, h is the thickness, and q is the lateral
distributed load. The bending and twisting moments M; are
related to the deflection w by the following relationship:

Mij = —D[Z/W,kkrsij + (1 —I/)W,ij] (2)

where ( ),;=0( )/ox; and summation over repeated index is
assumed. Index notation is used in this paper for convenience
and summation is assumed only for indices i, j and k in the range
of 1-2. On boundary S, the bending and twisting moments are
given by:

M, = M,’jn,‘nj =-D [I/VZW + (1—D)W,nn} } 3)

My = M,-jnitj =-D(1-v)W,¢

where n; and t; are the direction cosines of the outward normal n
and tangential direction t of boundary S, respectively (Fig. 1).
The shear force Q,, and Kirchhoff equivalent shear force K, are

1

Fig. 1. A domain V with boundary S.

given by:
Q, = Mjj,in; = —D(V2W),5 @
Kn = Qn + Mrzs,s = _D(VZW),n + Mns,s

After applying the given boundary conditions, the deflection w
of the plate is solved from the governing Eq. (1). Once w is known,
the bending and twisting moments and shear forces can be
determined by Egs. (2)-(4).

Governing Eq. (1) can be transformed into a set of integral
equations using the fundamental solution w*(X,y) which is avail-
able for thin plate bending problems and satisfies the following
equation:

DVAW*(X,y) = 8(X,Y), X,yeR? (5)

where V4( ) =( ), is taken at field point y, 5(x,y) is the Dirac
s-function representing a concentrated unit force acting at source
point X in the lateral direction, and R? is the full 2-D space.
The expression of the fundamental solution w*(x,y) is given as
[1, 5-8]:

wHX,y) = Sl r’log r (6)
T

where r = ‘y—x ,and x and y are any two points in the 2-D space.
The fundamental solution w* represents the deflection of an
infinitely large plate at y due to the unit force applied at x.
Substituting (6) into (2)-(4), we obtain the corresponding
kernel functions for the rotation (or normal slope), bending
moment and Kirchhoff equivalent shear force as follows:

(X, y) = a;;;* = %(1 + 2log ryrcos B @

Mix,y)= _8% [2(1 +v)(1 + log 1) + (1-v)cos 24] 3
i D 1-v

Ky(x,y) = —4—ﬂ[2 + (1-v)cos 2p]cos S + 4—”/)Dcos 2B 9

where cos 8 = r,,(y)n,(y), with g being the angle between direction
rand n (Fig. 1), and 1/p is the curvature of the boundary curve S at
point y.

Stern [1] derived the complete forms of the direct BIEs based on
the Kirchhoff thin plate theory. These BIEs for a plate with a
smooth boundary are:

| /S (WK K + M30-0"MyJdS(Y) + [/ w*qdV(y)

w(Xx),

= %w(x), xeS(smooth); (10)
0, xgVus

XxeV;

and

/S[w*,51<n—1<’j,¢w+M7§,¢9—6*,,5Mn}d5(y)+/Vw*,¢qu(y)

w(X), X€eV;

= %w,g(x), XeS (smooth); an
0, xgVuS

in which 0=6(y)=0w/on, M, =Mu(y), and K, =K,(y) are the
rotation, bending moment, and Kirchhoff equivalent shear force,
respectively, ¢ is a direction vector associated with the source
point x (Fig. 1). On boundary S, we have & =n(x) and w,:(X) = 0(x).
In this work, we ignore the jump terms at the corners if they exist,
since the constant elements will be used in the discretization
where all the collocation points are away from the corners. In
practice, all plates with corners can be considered being rounded
off with little effects on the solutions.
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When xeS, we can employ (10) and (11) to solve the unknown
boundary variables under given BCs. We usually call (10) with xeS
as conventional BIE (CBIE) or regular/ordinary BIE, and (11) as
hypersingular BIE (HBIE). Once all the boundary variables are
known, (10) and (11) with xeV (also called representation inte-
grals) can be applied to evaluate the deflection and its derivatives
inside the plate.

2.2. Treatment of domain integrals

The domain integral is not easy to be evaluated efficiently if the
external load q is complicated. The easiest way is to discretize the
domain directly and use numerical integration such as Gauss
quadrature to carry out the integration. However, it is too
expensive for most cases and sometimes is difficult to implement
especially for the perforated plate cases. Aliabadi discussed some
methods to deal with domain integrals in [11]. Gao [22] developed
a new method for converting domain integrals to boundary
integrals. Dual reciprocity method is another efficient method
which uses some radial based functions to represent the body
force and convert domain integrals to boundary integrals [23].
In this work, we are interested in the behaviors of thin plates
under concentrated load and uniformly distributed load so that g
is a constant at most and the domain integral can be converted to
the boundary integral which is much easier to evaluate. For
uniform distributed load q, the formulas for converting boundary
integrals are:

Jyaw*dv(y) = q f;Ww* dS(y) /V qwidv(y) =g /5 widsy)  (12)

where
WX, y) = ——(4log r—1)cos p
WK Y) =g ((r~n)(r~§)log - ’ (2log r—D(ﬂ‘E)) (13)

If q(y)=Ps(X,y) where P is a concentrated load, the domain
integral can be simplified as:

/ gw*dV(y) = PW*(X,X)
v

with X being the point where P is applied. Once this conversion is
done, Egs. (10) and (11) involve only boundary variables. There-
fore, only the boundary need to be discretized in order to find the
solution of the unknown variables on the boundary.

3. Fast multipole formulations

The main idea of the FMM is to implement the matrix-vector
multiplication without forming the entire matrix explicitly and to
use an iterative solver to obtain the solution. In the FMM, all
elements are usually divided into two parts: the elements close to
the source point and the elements far away from the source point.
The interactions between the first part of elements and source
points are still evaluated by direct integration as in the conven-
tional BEM. For the second part of elements, fast multipole
expansions will be used. In this section, the complex notation of
the kernel functions, expansions and translations in the FMM are
derived for the BIEs for the thin plate bending problem.

3.1. Complex Representations of the Kernels

We utilize some formulations of the fast multipole method for
2-D potential problems to derive the complex notation of kernel
functions for thin plate bending problems. In 2-D potential
problems [18], the complex notation of kernel functions is usually

used such that it is easier to find the related expansions and
translations.

Define the complex number z, and z as: zgp=x; +ix; and
z=y, + iy, where x; and x, are the ordinates of X and y; and y,
are the ordinates of y. The complex notation for kernel w*(x,y) is
found to be:

1
w*(zo,2) = - 3@0=2)(20-2) G(z0,2) (14

where the over bar indicates complex conjugate and G is the
Green's function (in complex form) for 2-D potential problems
which is given by [18]:

1
G(z0.2) =~ 5 log(z0-2)

In the following, z and z are considered as two independent
variables and ()’ =d()/azo.

It is not straightforward to derive the complex forms of kernels
directly. To facilitate the derivations, the following auxiliary
expressions are derived firstly (see Appendix):

ﬂ = rr_zn _Re{zn_(? } = Re{Znn(z)G’(zo,z)}
Cospo _

_?j _ {5(20)
r 2

— 0} = —Re{an(zo)G’(zo,z)}
Cospg =n-& =Re{n(2)-&zo) }

(2cos peospy + Cospy) {n(z)g(zo)}

r @20

= —Re{Zn.f(zo)n(z)G”(zo, 2) }

cos 28 = Re{i:js } = Re{Zn(z—zo)nz(z)G’(zo, 2) } (15)

where n(z) is the unit outward normal vector at pomt z and
n(z) =ny +iny, and g, is the angle between directions 7 and Zj
(Fig. 1).

Substituting them into the real forms of the kernel functions,
the corresponding complex forms of kernel functions are obtained
immediately. The complex forms of the other three kernel func-
tions for the CBIE are:

1 1\
0*(20,2) = (z—20) (— 7(G6(20,2) + G(20,2)) + 8—) n() (16)
T
M¥(z0.2) = (“ Y (220G 20, D12 (2)
+<—Z(G(zo,z)+6(zo,z)) +E>(l +v)> a7
. D /1
K3 (z0,2) = - 5 (i(1—V)((Z—Zo)G”(Zo,Z)"3(Z) +n(2)G'(20,2))

+ZG’(ZO,Z)H(Z)—$(Z—ZO)G’(ZO,Z)HZ(Z)> (18)

The complex representations of the kernel functions for the
HBIE are:

Wi(20,2) = (Z—ZO)<__(G(ZO»Z)+G(ZO»Z))+ >(20) (19)

6%(20,2) = —lG’(ZO,Z)(Z—ZO)n(Z)é(ZO)

- (— 7(G(20,2) + G(z20,2) + ) n(2)ézo) (20)

((20-2)G" (20, 2)N%(2)&(20) + N?(2)E(Z0)G')

D(1-v
M, -(20,2) = ( 7 )
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+D(l +v)

S G20, 2)E(z0) @1

D
Kiez0.2= 7 ((1—V)(—(Z—Zo)n3(Z)E(ZO)G’”(ZO,Z)—n(Z)cf(Zo)G”(ZO,Z)
+1(2)EZ0) G (20,2)) ~4N(2)EZ0)G (Z0.2)
D(1- —_— E—

+ 20 (e-2m @E@)C . 2) - DEE G (0.2)  (22)
where &(zg) is the unit normal vector at point zg and &(zp) =
& + &,

Substituting (15) into (13), we obtain the complex representa-
tions for w* and w¥:

e 1 _ _
W*(20,2) = — 37 (20~2)(Zo—2)((zo—2)N(2)

+@-2n@)(Ge0.2) + g, )

<k 1
W(20.2) = 1 (2-20)*EZ0)n(2)(G(20,2)
[ 1 I
+G(20.2))~ 55 (2-20)(Z20)&20)1(2) 23)
T

If g represents a concentrated load, it is not necessary to use the
FMM because the order of operations in evaluating the domain
integrals is already O(N).

3.2. Multipole expansions and moment to moment translations

Let z. be a multipole expansion point close to z (Fig. 2) and
apply Taylor series expansion. The multipole expansion of G(zy, z)
and its derivatives are [18]:

1 1 =
G(z0,2) = —5_ log(zo—2) = ZkZO Ox(zo—zc)li(z—2¢)

d0G(zo,2 1 =
% =(—1)’2—”’Z O41(zo—2)(z—2zc) for 1=1,2,..,
k=0

(24)
where the two auxiliary functions are defined as [18]:
Iz =% for k=0

(k_kl)! for k>1

Oo(2) = —log(z) and O(2) = 2

Substituting (24) into (19)~(22) directly gives us the multipole
expansion of the CBIE:

/ W*(z0, 2)Kn—K(20, 2)W + Mi(20, 2)0—60%(20, 2)M;]dS(2)
S

1

=3 [ Y Ow(zo—2c)Nk(ze) +20 Y, Ox(zo—2c)Ni(zc)
T k=0 k=0

0 1

Fig. 2. Complex notation and the related points for fast multipole expansions.

2 o 00
“feo|” T Ovzo-zPutz + ¥ OuzozIRz0

k=

20, fio Oi(zo—zc)Ri(zc) + S1 + 2052] (25)
where
Ni(ze) = /s li(z—ze)@Zn (@) Mp— z‘zkn)dS(z), for k>0 (26)
Nulze) = /s I(z-2)@Kn-T@DM)dS(2), for k=0 @7)
Pi(zc) = /S I (z—z)KndS(z), for k>0 (28)

Ro(ze) = /S (ZA@Mn(2) + 2D(1 + V)62)dS@)

Ri(ze) = /5 @=20@A@Ma(2) + 2D(1 + V)0)dS(2)

+ / <D(1 —V)zn2(2) (9(2) + %w(z)) —(5—v)D@W> dS(z)
JS
Re(zo) = /S @20 (@@ Ma(2) + 2D(1 + V)A(2)dS(@)

+ /5 Li1(z-20) (D(l —v)zn?(2) (6(2) + %M@) —(5—V)DTZ)W> ds(z)

+ / Ir_2(z—z.)D(1-v)zn3(z2)w(2)dS(z), for k>2 (29)
s

Rozo) = /S @Kn(2)-NDMn(2)dS@)
Rizo) = /S @20 @Kn(2)-NDMn(2))dS(2)

- / n2(z)D(1-v) G w(z) + 9(2)) dS(z)
S

Ri(zo) = /S 1720 @Kn(2) - Mn(2)dS(2)

- [fzom@na-v (/% W) + e<z>) ds(z)
S

- / T 5=z B@DA-vW(@)dS(2), for k2 30)
Js
and the two remaining terms:
S1=-2D(1 +v) / A(2)dS(2)— / zZn(Z)Mn(2)dS(z) (= —Ryp)
S S
S, = / n@Ma(2)dS(2) 31)
s

Results in (26)—(30) are the moments about z. for the integrals
in the CBIE. Likewise, the multipole expansion for the HBIE is:

/ W*,£(20, 2)Kn—K}.,:(20, 2W + M;.(20,2)0—6 2(20, 2)Mn)dS(2)
Js
1 © 000000 O ©
= 8—5(20) { > Opzo—zc)Ni(zd)—z0 Y, Or(zo—zc)Pi(zc)
” k=0 k=0
—Zp kZO Ow(z0—2c)Pi(zc)
- X Oui@-z0Rz) + ¥ Ok(zo—zc)Ri(zc)
= k =
+ X Oi1(z0—20)Ti(zc) + S3 + 2054 (32)
k=0
where the moments N(z.), Py(zc), Re(zc) and R, (z¢) are the same as

given in Egs. (27)—(30), respectively. The new moment Ty(z.) is
given by:

To(ze) = /S @M (@)dS@) (= S2)
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Ti(zo) = / @20 n@DMa(2)dS(2)
S
+ / n2(z)D(1-v) (g w(z) + 0(2)) dS(z)
S 4
Te(ze) = /5 ZZ0n@M(2)dS(2)

+ / . Ii_1(z—2zc) n2(2)D(1-v) <g w(z) + H(z)> dS(z)
s P

+ / Iy_2(z—z-)n3(2)D(1-v)w(2)dS(z), for k>2 33)
s
and the two remaining terms are:
S3 =2/n(z)MndS(z)—/andS(z)
S S
Sa= [ KndS(z) (=Po) (34)
If the multipole expansion point z. is moved to a new location
zc (see Fig. 2), we have the following moment to moment (M2M)
translations:
k
Nize)= ¥ Iii(zZe—2zc)Ni(zc)
1=0
- k N
Ny(ze) = IZO Li1(zc—=2c )N (zc)
k
Py(ze) = ’Z TIx_1(ze=2z )Py (zc)
=0
k
Re(ze)= X Li(ze—zo)Ri(2c)
1=0

. k ~
Ry(ze) = 12:0 Iy 1(Ze=2c)Ry(2c)

k
Ty(ze) = IZO Li_i(ze—2c) Ti(2c) (35)

All the M2M translations are exactly the same as used in the 2-
D potential case [18].

3.3. Local expansions and translations
Let z; be a local expansion point close to the source point zg

(Fig. 2). By using Taylor series expansion, we have the following
local expansions for the CBIE:

/s W*(zo, 2)Kn—K(20, 2)W + Mi(20, 2)0—6%(20, 2)My1dS(2)

1 ) © =)
=3 { Y Liz) [i(zo-z1) + 20 ¥ Lizpli(zo—21) + X Uizo)li(zo—21)
T l1=0 =0 1=0

o 2 o
+Zolz UI(ZI)II(ZO_ZL)_‘ZO‘ 12 Viz)l(zo—~z1) + S1 +20S2|  (36)
o o

and for the HBIE:

/[W*,:(Zo,Z)Kn—K’ﬁ,.f(Zo,Z)W + M, 2(20, 2)0—0% ,2(20, 2)Mn]dS(2)
Js
1 [ e
= g,@) { Y L@l (zo-z1) + X Liz)l(zo—2z1)
7 =1 =0

+ lio Ui(z)l(z0~21)~20 lio:o Vi@z)l(zo~z1)~20 lio VizDl(zo—z1)

—12 Wi(zp)lZ1(zo—21) 4 S3 + 20S4 (37)
=

where the expansion coefficients are given by the following
moment to local (M2L) translation:

Lz =1 io Orni@i—z0Ri(ze)

Liz) = (-1 éo O i@—2zoR(zo)

Uiz = (1) éo Ok 1(Z1—20Nk(2)

Uiz = (-1 éo Ok 1(@L—20NK(20)

Vi) = (1) éo Ok (2L-20)Pi(2o)

Wi(z) = (-1 éo Orni@—20 Til(2e) (38)

for [20.

If the local expansion point is moved from z; to z;- (Fig. 2), the
new local expansion coefficients are given by the following local to
local (L2L) translations:

L= ¥ IIm—I(ZL'_ZL)Lm(ZL)
m=

Lz = Y Tna@r—z0)Lln(z)
m=1

U@ = X Inazr-z)Un(zr)
m=1

Uiz) = E [Im—l(ZL’ ~21)Unm(z1)

m

Vi(zy) = i [1 m-1Zr=21)Vm(2L)
Wizr) = i IIm—I(zL’ -z1)Wmn(zr) (39)

for [20. Note that all the translation coefficients (M2M, M2L and
L2L) are the same as for the 2-D potential case [18]. Therefore, no
extra effort is needed in implementation of these translations
based on the 2-D potential code [18].

3.4. Expansions and translations of the domain related integrals

The expansions and translations of the domain related integrals
are derived for uniform distributed load q. For the first integral in
(12) for the CBIE, the multipole expansion is:

q /s W (z0,2)dS(y)

——r [ 3 Ouz0-ZORKZ) 20 3. Oulzo-ZoR}(Z)
7T lk=0 k=0

2 ©
o X Ouzo—zoRi) +78 T Otzo-zoRi(zo)

2 X
~20[20|" 2 Olz0—20Ri(z0~20 3 OuZo—ZoRizo)

c© 2 o©
2 ¥ OkZo—20) Ri(ze)~20| 20| 2 Ok(ZO—Zc)RllcO(ZC):|
=0 =0

-4
1287

and for the second integral in (12) for the HBIE, the multipole
expansion is:

q /S whdS(y)

2 2
(S5 +20S6 + +‘Zo’ S7 +23Ss + Zo‘zo‘ S9) (40)

= %@ {Zé S Owz0-2R3z) + 3 Opzo-zo)RE(zo)
T k=0 k=0

~20 Y Ozo-2o)Ri(ze) + 23 Y Onzo—zo)Ry(zc)
k=0 k=0

+ X OI<(ZO—ZC)R11<1(ZC)
k=0
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© _ — 2
-2Z0 Y, Ok(Zo—Zc)R,lz(Zc)} —%5(&)(510 + ZOSH_ZOSS_)ZO) S9)
k=0 4

(41)
where
Rl(zo) = /S I(z-20) z‘z(z@ +Zn(2))dS(2)
R(z) = ,/;Ik(Z_ZC)(Z ‘z‘zﬁ +Z%n(2))dS(2)
R zo) = /S IW(z-20)(221@) + 22n(2))dS(z)
Rize) = . /S Ix(z-2)zn(2)dS(2)
Rz = [ hz—zon@ids)
Ri(zc)= /S I(z-z0)Z*n(Z)dS(z)
Rlzo)=2 /S I (z-z)zn(@2)dS(z)
Rio) = [liE2002[z| 7@ + Znepds)
Rz = | Rzzoem@asc)
R = [ hiz-zon@dse)
R (ze) = . /S Ii(z-20)2°n(z)dS(2)
R (20 =2 | hizzozn@asa) 42)
and
S5 = V/S.Z)Z‘Z@dS(z), Se = —/S. {Z‘Z‘ZTZ) + fzn(z)] ds(z),
S;=2 /5 M@dS@), S5 = /5 Zn@)dS(2),
_ 2
So=— /S n2)dSz), Sio= /S ‘z’ nz)ds(),
Sii=- /S Zn(z)dS(z) (43)

The subscript k in Eq. (42) means k-th moment and the
superscripts represent different moments. That is, we have 12
different moments in total for the two domain related integrals.
The M2M translations for above moments are operated similarly
as the ones in the previous section. The local expansions for two

Table 1

domain related integrals in the CBIE and HBIE are:

q /S W20, 2)dS(Y)

__9
T 64x |,

2 o oo
+’20’ ’Z L?(ZL)II(Zo—ZL)+Z§lZ L} z)l(zo~21)
o o

Ll @)l(zo~2z1)~20 Y. L} (z)l(zo~21)
0 1=0

2 o LS R
—Zo‘lo’ 12 L?(ZL)II(ZO_ZL)_ZOIZ L} (z0)I(zo—21)
=0 =0

© 2 o
+Z(2) ’2 LIQ(ZL)II(Z()—Z]_)—Z()‘Z()‘ 12 LI]O(Z]_)II(Z()—ZL):|
=0 =0

q

128z 4

(S5 + 20S6 + +‘Zo‘257 + 23S + zo’z(,’zsg)
and
a [ wiasw)
~ 52- &) [Zé l;io L @)l@o~21) + éo L8(z0)i(z0-21)
%0 go L @)lz0-21) + 2§ : ;io L°@)l(zo-21)
+ é:o L' @)li(zo—21) 20 é}o Lllz(zL)Il(Zo—ZL):|

_ _ 2
—if(lo)(slo +20511-20S5s —‘Zo‘ S9) (45)
32z

The coefficients are given by the M2L translations which are
the same as the ones in the previous section:

Lizy) =(-1) , Y Opu(zi—zo)Ri(ze), for i=1,2,--,7; (46)
k=0

g(ZL) = (—l)l > OI<+I(ZL—ZC)R;'((ZC), for i=8,9,---,12 47)
k=0

The L2L translations for these local expansion coefficients are
also similar to the ones in the previous section:

Lz = ¥ Ini@-z)liz). for i=1,2,-.7;
S

(48)

Lz)= ¥ Ipiz-z)l(z). for i=8,9, 12 (49)
m=1

Maximum deflections of the plates under uniform distributed load and concentrated load.

Loading Type of Plate No. of elements

Fast multipole BEM o Conventional BEM « Exact solution [25]

(aPa?|D or aqa®/D) «

Uniform distributed load q Square plate 40
160
Circle plate 128
252
504

Concentrated load P Square plate 40
160
Circle plate 128
252
504

0.004064 0.004064 0.004062
0.004062 0.004061

0.004061 0.004062

0.0632 0.0632 0.0637
0.0635 0.0635

0.0636 0.0636

0.01160 0.01160 0.01160
0.01160 0.01160

0.01160 0.01160

0.0502 0.0502 0.0505
0.0504 0.0503

0.0504 0.0504
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4. Numerical examples

Several benchmark plate bending problems are studied first to
show the accuracy and efficiency of the developed fast multipole
BEM for solving thin plate bending problems. Then more compli-
cated cases of perforated plate models with about 500,000
DOFs are solved. In all the numerical examples, Young's modulus
E=70 GPa, Poisson's ratio v = 0.3, thickness of the plate h = 0.05m,
the uniformly distributed load q=0.1MPa, and the concentrated
load P = 10KN. Constant line elements are used in the BEM, where
all the singular and hypersingular integrals are calculated analy-
tically based on the definitions of the CPV and HFP integrals,
respectively (see, e.g., Ref. [18]).

For the fast multipole BEM, the numbers of terms for both
multipole and local expansions are set to 15, and the maximum
number of elements in a leaf are set to 20. Other numbers of
expansion terms equal to 5 and 10 are also tested, and it is found
that results with 5 expansion terms are not accurate, while results
with 10 expansion terms are within 1% of those with 15 terms.
GMRES [24] iterative solver is used to solve all the linear equations
and the tolerance for convergence is set to 1075, A block diagonal
preconditioner is used with the GMRES solver. For the conven-
tional BEM, the LAPACK package is applied to solve the linear
system. All the examples are run on a desktop PC with an Intel
Core Duo 2 CPU and 8 GB RAM.

4.1. Square and circular plate models

Two cases are presented to verify the fast multipole BEM first.
Simply supported square and circular plates without holes under
uniformly distributed load and concentrated load applied at the
center are given. The exact solutions of maximum deflection wWmax
are given in [25] in terms of non-dimensional coefficients « and g.
For the concentrated load: Wmax =aPa?/D and for the uniform
distributed load: wmax = aqa*/D where a is the length of edges of
the square plate or the radius of the circular plate.

From Table 1, we can see the maximum deflections solved by
the fast multipole BEM agree very well with the results of the
conventional BEM, and both the BEM results agree with the exact
solutions for all the cases.

4.2. Plates with one hole

Next, we present some examples of plates with one hole under
uniformly distributed load to show the capabilities of the devel-
oped fast multipole BEM in dealing with multi-connected domain
problems and its efficiencies in solutions.

The first example is a circular plate of radius R=1 m with a
center hole of radius r = 0.25 m (Fig. 3). The outer boundary of the
plate is simply supported and the inner boundary (edge of the
hole) is free. Under the uniformly distributed load g, the maximum
deflection is on the edge of the hole. The fast multipole BEM
results are obtained with several meshes and compared with the
FEM (ANSYS®) solutions using 4-node shell elements. A compar-
ison of the convergence of the fast multipole BEM and FEM
solutions is shown in Fig. 4, and good agreement is observed.
Both the fast multipole BEM and FEM solutions converge as the
numbers of the elements are sufficiently large.

Next we consider a circular plate with an off-center hole as
shown in Fig. 5. The radius of the plate is R=1 m, the radius of the
hole is r=0.15 m, and the hole is centered at x=y=0.4 m
location. Again the plate is simply supported on the outer
boundary and the edge of the hole is free. Fig. 6 shows the
computed values of the deflection on the edge of the hole using
the fast multipole BEM and compared with those using the FEM.
The horizontal axis is the angle (in radian) defined as in the right

Fig. 3. A circular plate with a center hole.

1.00E-02
9.75E-03
__ 9.50E-03
é W
P LA
el LA
5 9.25E-03 I
2 L
© « '
a -4 FMM BEM Solution
9.00E-03
—=—FEM Solution
8.75E-03
8.50E-03
1 1000 10000 100000

Degrees of Freedom

Fig. 4. Computed maximum deflection for the circular plate with a center hole.

S

Fig. 5. A circular plate with an off-center hole.

upper corner of Fig. 5 where axis x' and y' are parallel to axis x and
y, respectively. A total of 3240 line elements are used in the
fast multipole BEM model and a total of 12610 shell elements are
used in the FEM model for this comparison. Very good agree-
ment between the fast multipole BEM results and FEM results is
achieved as shown in Fig. 6.

The above examples demonstrate the capability for fast multi-
pole BEM to solve multi-connected domain problems and indicate
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Fig. 6. Deflection on the edge of the hole for the model in Fig. 5.
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Fig. 7. Comparison of CPU time between FMM BEM and Conventional BEM.

that the complex notation for all the kernels is correct. We now
solve the model in Fig. 3 again using both the conventional BEM
and fast multipole BEM to show the efficiency of fast multipole
BEM without using any pre-conditioner (only in this case).

Figs. 7 and 8 show the CPU time and computer memory used
by the conventional BEM and fast multipole BEM. Here the used
memory only includes the memory allocated by the program.
Clearly, the fast multipole BEM requires much less CPU time and
computer memory. As the number of degrees of freedom of the
model increases, the fast multipole BEM is even more efficient
compared with the conventional BEM, which enables the BEM to
be used in solving large-scale plate bending problems. In addition,
we can see that the data of the used CPU time and memory are
matched very well with the trend lines for both fast multipole
BEM and conventional BEM. As it is mentioned before, the
conventional BEM requires O(N?) operations (with iterative sol-
ver), while the fast multipole BEM can achieve O(N) efficiency.
Figs. 7 and 8 support this conclusion.

4.3. Perforated plate models

We apply the developed fast multipole BEM to solve some
perforated plate models. Here we use the BEM to analyze plates
with 4, 16, 36 and 64 holes under a concentrated load and evaluate
the effective bending rigidity of these perforated plate models.

10000 [
== @®=(Conventional BEM
==t + FMM BEM
1000 H O(N*2) P
o) A
)
7
2 A
= 100 )
° 7.8
s 7
E »
§ 10 o
L
1 ’r‘

0.1
100 1000 10000

DOFs

100000

Fig. 8. Comparison of used memory between FMM BEM and Conventional BEM.
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Fig. 9. The BEM models of the perforated plate.

The models of perforated plates are constructed in the follow-
ing way. We use a square plate with 4 holes as a basic pattern (see
the plot on the left-hand side of Fig. 9). The square plate has an
edge length of 1 m. The four holes have the same radius of 0.1 m
and are centered at x=y = + 0.25 m. Then we directly add some
basic patterns together to construct the larger perforated plate
models. Only the boundaries of the new larger models are kept.
Any other boundaries of the basic patterns that are inside the
larger models are deleted. For example, to construct the model
with 16 holes, we just use 4 patterns and add them together as
shown on the right-hand side of Fig. 9.

In Table 1, the maximum deflection of simply supported plates
subjected to the concentrated load at the center is written as:

aPa?
Wmax = T (5 O)

where P represents the concentrated load, a is the length of the
edges of the plates, D is the bending rigidity and « is a non-
dimensional number. To calculate the effective bending rigidity of
the perforated plates, we use a similar formula:

aPa?
_ 51
Dy o1

max

where « and P are the same values as the cases of simply
supported plates without holes under a center concentrated load,
W'max is the maximum deflection of the perforated plate, and D
is the effective bending rigidity. Dividing (50) by (51), we have:

Deff _ Wmax (52)

D W max
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Table 2
Comparison of effective bending rigidity for a perforated plate.

No. of n

holes
FMM Conventional FEM Analytical results from
BEM BEM [26]

4 0.83424  0.83426 0.83300 0.76

16 0.79357 - 0.78922

36 0.78785 - 0.77619

64 0.77442 - 0.77079

The ratio n of the stiffness is associated with the maximum
deflections of the simple plate (without holes) and the perforated
plate. Eq. (52) is applied to estimate the effective bending rigidity
in this example.

Analytic predictions of the effective rigidity of the perforated
plates are available in the literature. Meijers first proposed the
analytic results of the effective elastic constants for perforated
plates in [26]. He derived formulas for predicting the infinite
perforated plates with square patterns and triangular patterns,
respectively, by using complex analysis. Later, O’'Donnell [27]
conducted some experiments and suggested new formulas to pre-
dict the effective elastic constants. Lee and Kim [28], also pre-
sented a numerical way to estimate the effective elastic constants.
In this work, we compare our results with Meijers' analytical
results in [26].

In Table 2, we can see that as the number of the holes increase,
the ratio 5 calculated by fast multipole BEM converges to a stable
value which agrees well with the analytical solution [26]. Note
that Meijers' results are suitable for infinitely large perforated
plate models. So as the number of holes in our cases increases, the
effective bending rigidity should approach Meijers' result. Table 2
supports this conclusion. We also use the conventional BEM and
FEM to solve these problems. The conventional BEM can solve the
case of a perforated plate model with only four holes. For the cases
with more holes, the desktop PC used does not have enough
memory needed for the conventional BEM to run the job.

For the largest model with 64 holes, the BEM model has
492,000 unknowns (246,000 constant elements), while the FEM
model has 1,259,142 unknowns (204,800 Q4 elements). However,
the FEM model was solved in about 6 minutes (using ANSYS with
the sparse solver and on multi cores), while the BEM model was
solved in hours (on a single core) with the same PC. This is due to
the fact that a very small tolerance (10°8) for the GMRES solver
was used in the BEM solution, and the fast multipole BEM
implementation has not been optimized. Further improvements
in the fast multipole BEM formulation and code need to be made.

5. Conclusions

In this paper, a fast multipole BEM for thin plate bending
problems is presented for the first time. The complex notation
is used and the kernels are expressed in complex variables relating
to the kernels for the 2-D potential case, which facilitates
straightforward implementations for the multipole and local
expansions and related translations. However, the expressions
for those expansions are quite lengthy and consume much more
computing time than in the case of 2-D potential problems.
Further investigation on reducing the complexity of the expan-
sions need to be conducted so that the BEM can be applied to solve
practical and large models of perforated plates. With even larger
numbers of holes and random distributions of the holes in
perforated plate models, the BEM should have advantages over
the FEM in both meshing stages and solutions.

The Kirchhoff plate theory is not accurate to describe the
behaviors of thick plates under transverse loading. As future work,
the fast multipole BEM based on the Reissner-Mindlin theory for
solving thick plate bending problems can be developed. The BEM
can also be applied to analyze the bending problems of jointed
plates or plate assemblies in structures. Another potential area for
improvement is the application of other fast BEM approaches such
as the adaptive cross approximation method [29,30] for solving
plate bending problems, which is easier to implement and can
offer additional advantages to the BEM such as in parallel
computing.

Appendix
In the appendix, we derive the results in Eq. (15). First, we

introduce the following notation. Assume X and y are two points in
the 2-D space, and r = ’y—x‘ is the distance between x and y:

r= \/(V1 —x1)* + (V%)

where x1,x3 , y; and y, are the coordinates of x and y, respectively.
For convenience, we use dx =y;-x; and dy =y,—x,. Now r can be
rewritten as:

r=1/(dx)* + (dy)*

All the complex variables are defined in the same way as in
Section 3.

First Equation:

The real notation of first equation is:

cosp _rn _ dxny +dyn,

r o2 12 53

Substitute the complex notations of n(z), z and z, into the right-
hand side of the first equation of (15):

nz) m—iny _ (ny—ing)(dx +idy)  nydx + nydy + i(nydy—nydx)
Z=zo  dx-idy = (dx)® +(dy)® (dx)* + (dy)?

(54

Compare (53) and (54), the first equation in (15) is proved.

Second Equation:

For the second equation of (15), we can use the similar
procedure.

cosp _?E _dxg +dys

r 2 r2
d2z0) _ &i-igy _ (Gi-i&)dx +idy)  &idX + &Hdy + (& dy—£dx)

z=zp  dx-idy — (dx)* + (dy)* (dx)* + (dy)*
We can see

Cosfy _ _% _ _Re{é’(Zo)}
r r Z—2o

Third Equation:
To prove the third equation of (15), we just directly substitute
the complex notations of n(z) and &(zp) to have:

Re{n(n)-&zo) } =Re(n + iny)(&1—i&;) = Re{n & —naéy + i€ np—Em)

=11&; + MpéyN-E = Cosgy

Fourth Equation:
The left-hand side of the fourth equation can be expanded as:

(2c0spicospy + cospg) (21 cosp-r cospy + 12c0Sgpg)

r2 r4
_=23dxeny + dy-mo)(dx-&y + dy-&) + (dX? + (dY)D))(1-&y + Nardy)
- 2
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_ =(dx)* &1 —(dy)* &y np—2dxdy-nq & =2dxdyny-&1 + (dx)*np-& + (dX)*ny-&
= ra

_ _(dxny + dynp)(dxg; + dy&p)—(dyny —npdx)(dy, —&,dx)
= G

The right-hand side of fourth equation is:

N@Ez0) _ (2-20)’1(2)éz0) _ (2-20)1@)(2-20)(Z0)
T2 (z-20@Z0) rt
_(dx + idy)(ny—inp)(dx + idy)(&1—&>)
- 4
_(dxnq + dyny 4 idynq—inydx)(dx&q + dyé, + idy&—ig&dx)
- r

Consider the real part of above equation:

Re {n(z):(zw} _ (dxmy + dyny)(dxé; + dyéy)—(dym —nadx)(dyés —£,dx)

@) ré
We obtain:
(2cos pcospy + cospg) R {n(z)g(zo)}
2 =—Rey—->
r (z=29)

Fifth Equation:
We can use the first equation to help us to prove this last
equation:

1/1@ n@\°
c0s2p = 2c0s%f-1= 5 (% + Z(—Z)> (Z=2Z9)(z2—20)-1
20  Z-Zo
(0P L A@ ne | n@ )
=5 <(z—zo)2 + zﬁz—zo + (z—zo)2>(z Z0)(2—20)-1
1 n@? 1n@z?
=7 (z—20) + 2(z-20) (z—20)
Z-20 —5—
= Re{z_z0 n%(z) }

Thus, all the results in Eq. (15) are verified.
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