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HIGHLIGHTS

e A novel neural network non-ordinary state-based peridynamic (NOSB PD) algorithm is developed.

e This approach can successfully overcome the zero-energy problem and significantly improves the efficiency.

o A non-local membrane theory has been developed by approximating the curved horizon of the membrane as a flat surface and applying the plane
stress assumption locally.

e Deformation gradients are represented by their corresponding bond vectors based on the non-local geometry relationship.

o Nonlinear bijection between bond vectors and force density is obtained using neural networks.

o Modeling of large deformation, out of plane tearing, wrinkle as well as fracture of hyperelastic membranes can be achieved.
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membrane theory has been developed by approximating the curved horizon of the membrane
as a flat surface and applying the plane stress assumption locally. This allows the simulation of the
membrane structure using a single layer of material points, simplifying implementation,
improving efficiency, and avoiding volume locking. In the framework of NOSB PD, the defor-
mation gradients are represented by their corresponding bond vectors based on the non-local
geometry relationship. Then, the nonlinear bijection between bond vectors and force density is
obtained using a developed neural network model. This approach successfully overcomes the
zero-energy problem and significantly improves the efficiency. Three representative numerical
examples: out of plane deformation, out of plane loading crack propagation and penetrating of a
ball are simulated to validate the developed algorithm. The results demonstrate that the devel-
oped method can accurately and efficiently achieve the large deformation, out of plane tearing,
wrinkle as well as fracture of hyperelastic membranes.
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1. Introduction

Membranes are special structures created based on the sprite of natural shapes, such as the skeleton of animals and the leaves of
plants. Membranes are lightweight and can withstand tensile loads, whereas they wrinkle when a small compressive or shear load is
applied. These have been extensively used as foldable components in aerospace engineering. In recent years, hyperelastic materials
have become an area of extensive research due to their superior characteristics [1,2], which are essential for improving the devel-
opment of biomedicine [3] and soft devices [4]. As a result, the hyperelastic membranes have become essential components in various
applications. Because of their unique features, it is crucial to thoroughly understand the deformation and actuating mechanisms of
hyperelastic membranes for their practical engineering applications.

Modeling large deformation and failure of materials and structures is still a challenging task in computational mechanics. This is
because large deformation can cause a distortion of discretized meshes, which makes convergence difficult. Based on spatial deriv-
ative, the classical continuum mechanics faces inherent difficulties in describing spatial discontinuity and singular stress filed around a
crack. However, the peridynamic (PD) theory [5] provides a particle discretized model that describes the material and structure
response in a non-local integral description. This relaxation of the requirement for the continuity of the displacement field. The failure
initiation and propagation can be captured and represented naturally and spontaneously without extra artificial treatment.

Within the realm of PD, the interaction between two material points is responded by a bond force that is similar to a spring force.
The calculation of this bond force depends on the extent to the bond has stretched, which can be linked to the concept of strain in
classical continue mechanics. Fracture occurs when the bond stretch exceeds the critical stretch value, which indicates the energy
release rate of the material property in the context of fracture mechanics. PD has been proven to be a valuable tool for the simulation of
large deformation and fracture-related concerns [6,7,8].

Silling and Bobaru [9] used a bond-based PD model to approximate the large deformation and failure behavior of rubber mem-
branes. This method employs a constitutive model of rubber material under a particular loading condition. However, due to the lack of
bonds extending to particles off the surface, a given force density will result in different bulk material responses using the governing
equation based on 3D expression. Bang and Madenci [10] presented the PD modeling of hyperelastic membrane deformation using the
Neo-Hookean model to simulate material behavior. Equibiaxial, planar and uniaxial loading conditions were considered in the ana-
lyses. The material parameters for each loading case were determined by equating the PD strain energy density to that of the classical
continuum mechanics. The results were compared well with finite element analysis. Li et al. [11] studied the quasi-static behaviors of
membranes with an implicit bond-based PD computational framework. They developed a bimodular material model in PD, which was
extended to deal with the wrinkling and fracture problems of membranes by setting the compressive micro-modulus to zero. Yin et al.
[12] formulated the nonlinear bond force according to the expression of the principal stress of hyperelastic models. Most of the work
mentioned above relies on the bond-based PD model. However, BB PD has a significant drawback: Poisson’s ratio is fixed at 1/3 for
plane stress, and 1/4 for plain strain and 3D problems [13]. With some modifications, BB PD can involve plasticity and rate-dependent
behaviors [14,15,16]. It can also capture the large deformation of the hyperelastic under particular loading conditions. However, these
BB models are based on special loading conditions and may fail to predict the mechanical response in complex deformation.

In 2007, non-ordinary state-based peridynamics (NOSB-PD), which has been developed by Silling [17,18]. NOSB-PD connects the
concept of stress and strain via the deformation gradient tensor, so that the constitutive relations in traditional continuum mechanics
can be directly used. Behera et al. and Roy et al. [19] developed PD correspondence models for Neo-Hookean material as well as Anand
and Talamini-Mao-Anand models [20], respectively. Ozdemir et al. [21] developed a viscoelastic material model in the ordinary
state-based PD framework to capture crack propagation in polymeric water treatment membranes. Chen et al. [22,23] utilized the
NOSB-PD to analyze the large deformation, crack propagation, and fatigue of hydrogel. However, conventional NOSB PD suffers from
zero-energy modes, which can cause significant numerical oscillation due to a non-unique mapping between the deformation states
and force states. To control the nonphysical oscillations and improve numerical results, many stabilization techniques have been
developed, such as introducing a fictitious spring force to a bond [18], using the average displacement correction over a horizon [17]
and applying higher-order deformation gradient tensor [24]. One of the most promising solutions to zero-energy modes is
bond-associated (BA) non-ordinary state-based (NOSB) PD [25]. In this scheme, the deformation gradient of a bond is formed in the
intersection region of the two endpoints, avoiding the zero-energy mode inherently without extra corrections or affecting the material
characteristics [25,26,27]. Based on BA NOSB PD, Behera et al. [19] and Roy et al. [20] analyzed the finite elastic deformation and
rupture in Neo-Hookean materials as well as polymers predicted by Anand and Talamini-Mao-Anand (TMA) models, respectively. The
numerical results are in good agreement with the experimental data. Chen et al. studied the fracture and fatigue behaviors of hydrogel
[22,23].

As anon-local theory, the PD method is more computationally costly than the local method. This is because more long-range forces
are considered in the PD model. In bond-associated scheme, calculating the deformation gradient of each bond instead of each point
leads to a relatively high computational expense. Although PD can be coupled with finite element method [28,29] and boundary
element method [30,31] to reduce the computational cost, a high-performance algorithm for large deformation, wrinkle simulation
and fracture analysis of hyperelastic membranes is also of importance. Data-driven techniques have become a invaluable for helping
computational mechanics solve challenging problems. The use of a data-driven approach to obtain force-field has been extensively
used in molecular dynamics [32,33] and PD [34,35], and the same idea will be utilized in this study.

In this article, a novel method is pursued using the neural network in the framework of NOSB PD for hyperelastic membrane
analysis. A non-local membrane theory has been developed by approximating the curving horizon of the membrane as a flat surface
and applying the plane stress assumption locally. Gent model has been employed to simulate the constitutive of hyperelastic material.
Using bond vectors to specify the non-local deformation gradient, and establish a neural network model to construct the nonlinear
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Fig. 1. Peridynamic diagram and notations.

mapping relationship between bond vectors and force states. The proposed algorithm is free of the zero-energy modes and significantly
improves the efficiency.

This paper is organized as follows. A brief review of the NOSB PD formulation is presented in Section 2. A membrane theory is
derived in Section 3. In Section 4, the PD constitutive model and the proposed NN NOSB PD method are elaborated. Section 5 shows the
training data preparation and the framework of the NN model applied in the membrane model. Numerical examples are presented in
Section 6.

2. Non-ordinary state-based peridynamic theory

The NOSB PD theory is proposed in Ref. [17]. As shown in Fig. 1, the considered domain is discretized by the material points. A
material point with index i has the initial position vector x;. According to nonlocal theory, each material point can interact with other
material points within the horizon H;. H; is usually characterized by a circle centered at i with radius of 6. The material points within
the horizon are referred to as neighborhood points of the center point x; and are denoted by x;. For convenience, the bond vector is
defined as x; = X; — x;. The motion equation of PD is expressed in an integral form as:

poitii = /H [Ti(xy) — T(xi)] Vs + bi. (¢))

Here and thereafter, no summation is assumed for repeated index. Parameter p = p(x;) is the mass density. u is the acceleration
vector. b represents the body force density vector, and V; is the volume occupied by material point i. The pair-wise force density vectors
Ti(x;) and T;(x;;) represent the interactions between the material points.

Ti<xij> = WPiI(FIXU. (2)

InE q. (2), the scalar-valued function w is the weight function evaluating the influence of different neighborhood points. Usually, w
is a function of bond length |x;|. In this paper, the weight function is selected as w = & /|x;|. P is the first Piola—Kirchhoff stress tensor
expressed as:

0w

P=—,
OF’

3
with ¥ being the strain energy density function. The deformation gradient tensor F at the position x; is expressed as:
H;

where symbol ® denotes the dyadic product of two vectors. y is the position vector in the current configuration. The shape tensor K is
written as:

H;
Besides, one may deduce or define a non-local differential operator [35] similar to Eq. (4):

Voot = [ [ wh (8o x)av)] - ©
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Fig. 2. Kinematic description of membrane.

3. Peridynamic formulation of membrane
3.1. Kinematics

The non-local membrane theory aims to simplify the curving horizon by approximating it into a flat surface and then applying the
plane stress assumption locally [36]. The kinematic description of this theory is established based on the reference provided in [37].
The kinematic interpretation of the curved membrane is illustrated in Fig. 2. The initial and current configurations are represented by
mid-surface Q( and Q respectively. The membrane is modeled with one layer of material points. Each point has three degrees of
freedom.

The compact parametric space is defined as ACR? with boundary dA. A point in the parametric space can be denoted by:

& =& E + &Es. @)
The position vector of a material point in the initial configuration at a distance 5 from the mid-surface can be written as:
h h}

(8)

X:(I)O(fhgzﬂ’]) :¢0+’7D(§17§2)$ (51752) €A and ne |:_§'§ ’

where h is the thickness of the membrane. Vector D is the pseudo normal vector of the membrane in the initial configuration with |D| =
1. The convected basis vector G in the initial configuration is defined as the derivatives of ®° with respect to parametric coordinates
[36,37]:

G, :¢0(§1a§2).a+”DJx~, a= 12 and G3; =D. (9)

In this work, the appropriate ¢, is selected to make G1, G, and G; mutually perpendicular and form an orthogonal local vector basis.
Similarly, the position vector in the current configuration can be written as:

hh
Y =@, 8.1 = @(61,6) +1d(61,82), (61,62) €EAandn € {—51 5} (10)
and the corresponding convected vectors are obtained by:
ga:¢(§la§2)_a+rld.aa:172 and 83 =d. (11)
Here, for membrane, neglecting the shear deformation along the thickness, g, is still perpendicular to g, and g,. That is:
g =X -BrE _g (12)
on |8 x 8
3.2. Deformation gradient
We can express the motion from the initial configuration to the current configuration as:
F= a—y = Vx®. (13)

ox
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This motion can be regarded as the combination of two parts, i.e., from the initial configuration ®° to the parametric configuration,
and from the parametric configuration to the current configuration ®. Following the chain rule, the deformation gradient can be
written as:

0 _
F:&y:vgqx (V:0°) . a4
Note that
V' =V, +DRE; =¢% ®E, +D®E;, a=1,2 (15)
Vi =V, P+dRE;=¢,Q0E, +d®E;, a=1,2 (16)
where
Vo= aE a=1,2 a7
(lfaéa a - b M

According to Eq. (6), the derivatives of the initial position vector on the mid-surface with respect to £, at material point i can be
expressed as:

Poli= {/ w- ((03 ®§ij)dsj:| K, (18)
Hi
where

K= [ wilel) - (6 26)ds, )

i

Here, note that ¢ is a 3-by-2 matrix and K is a 2-by-2 matrix. Similarly, the derivatives of the current position vector on the mid-
surface with respect to &, can be expressed as:

Pali= { / w- (¢ ®§i,-)dsj} K (20)
H;
Then, V:®° can be written in a matrix form as:
oy ot
0t 0%,
003 093
0= |22 =2 =[Gy G, D 21
Ve 5 06 D, [Gi G 1, (21)
oy al,
0% 0%,
and V. ® can be written as:
9o ey
0% 0%,
Opy Oy
Vb= | == =~ do| = dl. (22)
¢ aél 652 2 [gl 82 ]
9o O93
0% 0%,

Please note that vector d only represents the direction and does not contain any information about the thickness stretch. Specially,
if the initial configuration is flat, thené, = x; and G; = E,;. Thus V§<I)° is becomes an identity matrix. For convenience, in all following
samples, the initial configuration is always flat.

3.3. Non-local balance law of linear momentum

In the work of [37], the balance laws and nonlocal governing equations for peridynamic shells were derived based on the element
perspective. These equations are also applicable to PD membrane structures. The governing equation for the linear momentum of the
membrane in non-local form at the mid-plane is given below:

Podi = /H [Ti<§ij> _Tj<§ji>]d5j +b;, (23)
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with
b = det(V:@°)b. (24)

And T is the force density vector defined on the mid-surface expressed as:

— ~0

Ti(&;) = w(|&;]) P Ky, (25)
where

P = det(V,@°)P(V.0°) ', (26)
and

.0 Ell 1:‘)12

P =Py Pyl @7)

Py P3

4. Constitutive model and neural network method
4.1. Enforcement of plane stress and slight compressibility on Neo-Hookean model

In the presented study, the Neo-Hookean model, a representative constitutive hyperelastic model is taken as the example in the
analysis. The strain energy density function is expressed as:

- K
=Ll -3) 4o (- (28)
2 8
where y is the shear modulus, I; the normalized first invariant of right Cauchy-Green strain tensor which is written as I; = trCJ2/3,
with C = F'F and J = detF. Parameter K represents the bulk modulus. The slightly compressible model leads to a relatively large K
compared to the shear modulus. In this article, K is set to 100 times the shear modulus. The first Piola—Kirchhoff stress tensor can be
expressed as:

_a\{l_ 1 -T —2/3 K 2 —2\p-T
Pfany(F 37CF )J g (2= (29)

The first Piola-Kirchhoff stress tensor under plane stress assumption is expressed as follows, which is explained in Ref. [19]:

~ ~ ~-T\ . 1/3%2/3
P=u(F-CuF )Cy%T ", (30)

where J = detF with F being the in-plane deformation gradient tensor. In this article, the superscript ~ denotes that the tensors exist in
2D space. Cs3 is a component of the right Cauchy-Green strain tensor C, which can be obtained numerically through the equation:

2 s 1o 1s =\w2s K, = -
ﬂ<§C332/3 —§C331/3LTC)J 2 +3 (Cssd” —C31T %) = 0. 31)

A nondimensionalized first Piola-Kirchhoff stress tensor is defined as below:

— o~ ~ ~-T\ _1/3~2/3
P = p/,, = (F—CxuF )CR’T ", (32)
with corresponding Cs3 calculated as:
2 1 ~\~-2/3 100 ~2 ~-2
(§c332/3 - §c331/3trc)J + 5 (CsaJ —C33J ) =0. (33)

4.2. A novel mapping to the force density vector

In the conventional NOSB PD formulation, the force density vector of a bond is determined by its deformation gradient tensor (see
Eq. (2) to Eq. (4)). However, such a framework suffers from zero-energy modes, where different displacement states of a horizon can be
mapped into the same deformation gradient tensor through Eq. (4). For example, in Ref. [24], when a single point movement is applied
to the central point of a horizon, the deformation gradient remains unchanged and the strain energy remains the same, leading to
zero-energy modes. To avoid these zero-energy modes, this work constructs a direct mapping from the bond vectors including bond
stretch and rotation with some other variables to the force density vector.

First, the force density vector Eq. (2) is rewritten in a general form as:
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=Pus<; X
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deformation

2
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(a) (b)

Fig. 3. Notations of bond-related quantities during deformation. (b) Illustration of the desired mapping.
Ti(xy) = w- facg - p - |x4] - TV, (34)

where, T"Vis a non-dimensionalized force vector. In this analysis, the non-dimensionalized force vector is only corresponding with the
deformation gradient. The effects of other parameters on T"Vare totally eliminated. Thus, which is more general, and expressed in the
form:

T = TV (%) = P;x;; withP; = Pi/y andx; = xl:,-/|xij|. (35)

Y

For a symmetric horizon, the shape tensor K is a diagonal matrix with identical diagonal elements. Thus, it can be simplified as a
factor fack, and expressed in a discretized form:

facx =2 / (Zwuxi,-nx;m + Zw(wk@%) : (36)

JEH; JeH;

with x;; and x;, representing the components of the bond vector x;.

The force density vector is decomposed into two components: one along the direction of deformed bond denoted by T, and the
other tangent to the deformed bond denoted by Ty, as illustrated in Fig. 3 (a). It is important to note that the positive direction of T, is
pointing form y; to y;, and the counter-clockwise direction is defined as the positive direction of 6 and T,. Additionally, TW is also
separated into two parts, one along the deformation direction of the bond denoted as T¥N and the other tangent to the bond denoted as
TN, using the same method.

The deformation gradient tensor of an incompressible material can be formed solely with principal stretches. In the 2D case, it takes
the following form:

P~ A 0
F:[(; zz]’ 37)

where 1; and 1, represent the in-plane principal stretches. With the information of deformation gradient F and a certain bond vector,
the bond stretch 4, and the bond rotation df;, can be obtained through the geometric relation. The bond stretch is expressed as:

Yi Vi . ~ ~
Ay = =i w1thyij = F;x;, and yl.*]. =Fixj. (38)
13 X
The rotation angle is calculated as:
Xii X Y;: X5 X Vi
d6, = arcsin XX Yy ) _ arcsin 37)’,1 . (39)
%31 - |y] %31 - 1yl

In order to find the mapping from the bond-related variables to T"", a deep neural network with 4, d65, C33 and det(ﬁ) as the input,
|T¥N| and |T}™| as the output is constructed. The process is illustrated in Fig. 3 (b).
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Algorithm 1
Pseudocode for generating training data

for various 4; and 1
build the in-plane deformation gradient tensor F by Eq. (37)
for various bond orientations 6, € (0,2x]
The normalized bond vector is Xj= (cosby, sindp)"
calculate Cs3 by Eq. (33)
calculate P* by Fq. (32)
calculate force density vector TVN by Eq. (35)
decompose TV into TVN and T
calculate bond stretch 4, by Eq. (38) and rotation angle d¢, by Eq. (39)
write input data: 25, d6), C33, detF
write corresponding output data: [TV |, [TAV|

end
end
input hidden layer output layer output
TN
A - -

0 weight weight TNN‘
b n
Cy, ¢ /- L / ‘TNN‘
~ bias bias 0

detF
—
multiple

Fig. 4. Illustration of the designed NN.

4.3. Generation of training data

The following is the pseudocode for generating training data, as outlined in Algorithm 1. The neural network is set with four
neurons as the input and two neurons as the output, as is shown in Fig. 4. The principle stretches 4; and 1, of the deformation gradient
are set to cover common deformation states of rubber-like materials in plane stress case, with values ranging from 0.8 to 4.0,
respectively. The normalized bond vector x;/|x;| is set with various orientations. Note that the tensors in the algorithm are all in 2D
case for plane stress assumption. By considering a wide deformation state and bond vector, around 10000 samples are generated in the
training data. The training process is performed through the neural network fitting tool on Matlab. 70 % of the dataset is used for
training the model. The proportions for validation and prediction are both 15 %. There is no noise in the process of generating training
data. Thus, a high accuracy of around 99 % is obtained by the trained NN.

5. Implementation of the proposed NN NOSB PD
5.1. Apply the NN method to the local deformation state

In order to support the plane stress hypothesis, the interactions between the material points are evaluated in the local coordinate
system. To achieve this, an orthonormal tensor Q is applied to the horizon in the current configuration, to rotate vector g;, g, and
d approximately along the direction of E;, E; and Es, respectively. It’s worth noting that in the case of incompressible material, g; and
g, are almost orthogonal to each other during the deformation. Therefore, the deformation gradient in the local system can be
expressed as:

F' = QF. (40)
Then, the 2-by-2 deformation gradient tensor for the local plane stress assumption is formed as:

Fe |:Flll F,

(41)
Fy Fy

Instead of using the conventional NOSB PD formulation to obtain the local force density vector through Eq. (2), the proposed NN
method is used. The NN method requires the calculation of four input variables. 4, is calculated using Eq. (38). d6, is obtained as
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Algorithm 2
Pseudocode for PD implementation

Preparation: Discrete the model and create arrays to store the initial position vector x, deformed position vector y, and displacement vector u.

Search and store the neighborhood points for each material point.

Build an input matrix in dimension n_total bondx4 (4, df, Cs3, detF), and an output matrix in dimension n_total bondx2 (|TNN|, |TAN|).
for tt = 1: max_time_step

apply the boundary conditions

calculate Cs3(;) and detF; for each node

for i = 1: total node

calculate the global deformation gradient (Eq. 14)

form the rotation matrix Q and calculate the local deformation gradient

for j = 1: n_neighbor

calculate A3, d6,(Eq. 42) for the bond

write the 4, df, C33 and detF to the certain row of input matrix

end

end

use the neural network to obtain TN

form the local force density vector T of each bond

calculate the global force density vector (Eq. 43)

assemble the force density to each material point

update the position of material points by the kinetic equation
end

g pressure

I m
Fig. 5. Geometry and boundary conditions of a Neo-Hookean membrane under pressure.

1
Xj X ¥

do, = arcsin , withyl = Qy,. (42)
<|Xij| Iy ) Y Y

Cs3 and det(F) are calculated based on F. Thus, the local force density vector T can be obtained through the trained NN model and
then transformed into the global system as:

T=Q'T. (43)

5.2. Framework of the program

In the PD implementation, the considered domain is discretized uniformly into material points. The quasi-static solutions are
achieved by adding a numerical damping term c in the equation of motion. Thus, Eq. (1) is rewritten as:
piii = / [Ti<xij> — Tj <Xﬂ>]dV] + bi — C)‘(p (44)
H;
To solve the equation of motion, the explicit central difference method is used. In order to optimize efficiency, an input matrix is
created to store the input information for the NN of each bond. Instead of calling the trained NN model for each bond independently,

the input matrix for all the bonds is delivered to the constructed trained NN model at every time step to save time. For a detailed
understanding of the implementation process, please refer to Algorithm 2.

6. Numerical examples

In this work, uniform discretization is used for all numerical examples. The horizon radius is consistently set at 5 = 3.15 dx. Unless
specified otherwise, the Neo-Hookean material parameters are set as mass density p = 1000.0 kg/m?, shear modulus x = 1.0 kPa and
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0.00 0033729
0 Min

© (d)

Fig. 6. Displacement contours of the membrane under pressure. (a) PD result with p = 10 Pa. (b) FEM result with p = 10 Pa. (c) PD result withp =
20 Pa. (d) FEM result with p = 20 Pa.

035 — - -PD, 10Pa
I ——FEM, 10Pa
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Fig. 7. Comparisons of the displacement along the center line.
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0.05 0.22 - 0.36
0.05 0.19 =i 0.32
0.04 0.17 = 0.27
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0.06 0.26 0.62 0.44
0.06 0.24 0.57 0.41
0.05 0.21 0.52 0.37
0.05 0.19 0.46 0.33
0.04 0.17 0.41 0.30
0.04 0.15 0.36 0.26
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(e) ® (@ ()

Fig. 8. Contours of u3 at t = 0.25s, 0.50s, 0.75s, 1.00s, respectively. The first row and the second rows are the predictions from present PD and FEM,
respectively.

X3

X1

A
|

Fig. 9. Illustration of the membrane under out-of-plane loading.

bulk modulus K = 100.0 kPa, unless specified otherwise.

6.1. Membrane under normal pressure

Fig. 5 shows that the Neo-Hookean sheet has a dimension of 1 m x 1 m x 0.01 m, with all four edges fixed. Pressure is applied
normally to its surface. The spatial discretization size for the PD model is 0.01 m. Simulations are performed under two different
pressures: p = 10 Pa and p = 20 Pa. The contours of the displacement component uz on the current configuration are shown in Fig. 6.
The first and second rows are the results with pressures of 10 Pa and 20 Pa, respectively. The left column displays the quasi-static result
predicted by the proposed NN PD, while the right column shows the FEM result performed on ANSYS. The results of us on the center
line of the membrane (the red dashed line in Fig. 5) are plotted in Fig. 7. The predicted values from PD and FEM are very close, which
demonstrates the accuracy of the proposed method.

Meanwhile, the dynamic response under pressure of 20 Pa is also simulated and compared with FEM predictions. The finite element
analysis is performed on ABAQUS. The Rayleigh damping is applied. The coefficient associated with the mass matrix term is set 0.1.
The pressure is applied at t = Os. Explicit dynamic analysis is performed till t = 1s. The contours of uz are presented in Fig. 8, at t =
0.25s, 0.50s, 0.75s, 1.00s, respectively. The FEM predictions and PD predictions are very close. In terms of the maximum value of us,
the deviations between the PD predicted values and FEM predicted values are all within 5 %.

6.2. Out-of-plane loading on a membrane
As shown in Fig. 9, the membrane has dimensions of 1 m x 1 m x 0.01 m and the left edge is fixed. Displacements u are applied to
several material points within 0.04 m distance from the center point of the right edge. The displacement has components along the x;

and x3 direction, which is defined as: u; = 0.025t and u3 = 0.05t, respectively, where t is time in seconds. After 2 seconds, the applied
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Fig. 10. Contours of displacement along us direction at t = (a) 1.5s, (b) 2.5s, (c) 3.5s, (d) 4.5s.
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Fig. 11. Contours of displacement along us direction at t = 4.5s, (a) ABAQUS, (b) present PD.

X3

X1

Fig. 12. Illustration of the membrane under out-of-plane loading with a precut.

displacement is fixed at a constant value of u; = 0.05m and us = 0.1m. The spatial discretization size for the PD model is 0.01 m. Some
deformation contours are presented in Fig. 10, at t = 1.5s, 2.5s, 3.5s and 4.5s, respectively.

In this example, a rectangular membrane is fixed along its left side while the other sides are free. A segment of the membrane is
pulled upward (out of the plane) with constant velocity. Stress concentrations are created at the ends of the lifted segment. Over time,
these stress concentrations lead to a deformation that spreads in a wide range, with two main branches.

This numerical sample is also conducted using ABAQUS. An explicit dynamic analysis is carried out up to t = 4.5s. The comparison

12
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Fig. 13. Contours of displacement along us direction at t = (a) 3.0s, (b) 4.5s, (c) 6.0s, (d) 7.5s, (e) 9.0s, (d) 10.5s.
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Fig. 14. Crack length with respect to time.
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Fig. 15. Crack growth speed with respect to time.

v

Fig. 16. Illustration of a ball penetrating through a membrane.

between the results of present PD and FEM is shown in Fig. 11, displaying the contours of us at t = 4.5s. It can be observed that the
results are in agreement.

6.3. Out-of-plane loading on a membrane with a precut

As shown in Fig. 12, the geometry of the example is the same as that in Section 6.2, except for a precut in the center. A displacement
with components along the x; and x3 direction is applied at several points around the center point of the right edge, until the
membrane is separated into 2 parts. The applied displacement is defined as: u; = 0.0125t and uz = 0.025t. The domain is discretized
into 14400 material points.

The PD model is used to describe failure by removing the interaction forces between paired material points. In the case of Neo-
Hookean material, failure occurs when the bond stretch 4, exceeds the critical value 4., which is known as the effective stretch cri-

terion [38]. For this example, A, is set to 1.3. To record the failure, the force density vector is modified using a history-dependent
function y, which is expressed as:

[ 1,if < Aforall0 <t <t
7, ) = { 0, otherwise ’ (45)

Fig. 13 illustrates the evolution of a slit turning into a dynamic crack at six different stages. In view (a), the slit has not yet
commenced growing and wrinkles can be seen along the edges of the slit. These wrinkles arise spontaneously because the edges are free
along the normal to the slit and tend to develop compressive strains parallel to the slit. Small initial displacements that vary sinusoidal
throughout the numerical model “seed” these wrinkles. In the subsequent views of the figure. the crack is propagating and wrinkles
appear in the wake of the crack. Fig. 14 and Fig. 15 show the crack length and the crack growth speed with respect to time, respectively.

6.4. Penetration of a ball through a membrane
As shown in Fig. 16, the membrane isa 1 m x 1 m x 0.01 m dimension structure with four fixed edges. A rigid ball with a diameter
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Fig. 17. Schematic of relocation of the contacted nodes.
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Fig. 18. Contours of damage at t = (a) 1.0s, (b) 2.0s, (c) 3.0s, (d) 4.0s. (e) The top view of the cracked membrane at t = 4.0s.

of 0.15 m moves downwards and penetrates the membrane. The velocity of the ball is 0.1 m/s. At t = Os, the ball makes contact with the
membrane. The friction between the ball and membrane is neglected. The membrane is discretized into 10000 material points. The
critical stretch A, is set at 1.3.

As the moving of the ball, if the material points of the membrane in contact with the ball, they will move to the nearest distance to
the impact surface. The treatment of the contact process is depicted in Fig. 17. The same schematic of impact is also explained in
Ref. [39]. The damage incurred by the material points is defined as:

S Un )Y,

(46)
JudV;

dmg,:l
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Fig. 18 illustrates the damage patterns of various processes in the simulation. The first four patterns are at t = 1.0s, 2.0s, 3.0s and
4.0s, correspondingly. To view the crack clearly, the top view of the cracked membrane is provided in Fig. 17 (e) at t = 4.0s.

7. Conclusions

In this paper, a new algorithm for modeling the large deformation and failure behavior of hyperelastic membranes is proposed. It
introduces a non-local membrane theory based on the assumption of plane stress. This leads to the simulation of the membrane
structure using a single layer of material points, simplifying implementation, improving efficiency, and avoiding volume locking. The
constitutive function of rubber-like materials can be directly introduced in the governing equation of NOSB PD by the first Piola-
Kirchhoff stress. Thus, it is generally applicable to any constitutive law of hyperelastic materials. A deep neural network technique
is used to achieve a novel mapping between the deformation state and the force density vector in the PD framework. This new mapping
eliminates the numerical instability and oscillations caused by using the traditional NOSB PD to solve the force density vectors,
avoiding calculation of the deformation gradient of each bond to improve great efficiency. Most important is the developed method can
accurately and efficiently model the large deformation, out-of-plane tearing, wrinkles as well as fracture of hyperelastic membranes.
The accuracy of the proposed method is validated through comparisons with FEM results and experiment data.
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